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What are Baryon Acoustic Oscillations?

Shirley Ho,  Planck 2014, Ferrara

To measure BAO, we usually calculate the correlation function
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What are Baryon Acoustic Oscillations?
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To measure BAO, we first calculate the correlation function

A bump at ~150Mpc



BAO and Galaxies

• Pairs of galaxies are slightly more likely to be 
separated by 150 Mpc than 120 Mpc or 170 Mpc.

500 Mlyr 

150 Mpc

Credit: Zosia Rostomian, LBNL

NOTE: BAO effects highly exaggerated here
Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara



BAO as a Standard Ruler

• This distance of 150 Mpc is very accurately computed 
from the anisotropies of the CMB. 
–0.4% calibration with current CMB.

Image Credit: E.M. Huff, the SDSS-III team, and the 
South Pole Telescope team.  Graphic by Zosia Rostomian
Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara



SDSS III - BOSS

• In SDSS-III, we use maps of the large-scale structure of the 
Universe to detect the imprint of the sound waves.

• We use 3 different tracers of the cosmic density map:
– Galaxies at redshifts 0.2 to 0.7.
– Quasars at redshifts 2.1 to 3.5.
– The intergalactic medium as 

revealed by the Lyman α Forest, 
at redshifts 2.1 to 3.5.

• We look for an excess 
clustering of overdensity 
regions separated by 150 Mpc

Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara



A Slice of BOSS

Credit: D. Eisenstein
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BAO in BOSS Galaxies

• Clustering Analysis of the 
BOSS galaxy sample 
has produced the world’s 
best detection of the late-
time acoustic peak.
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Anderson et al. 2014; 
Vargas, Ho et al. 2014; 
Tojeiro et al. 2014
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BAO in BOSS Galaxies

• The peak location 
is measured to 
1.0% in our 
z = 0.57 sample 
and 2.1% in our 
z = 0.32 sample

150 Mpc

Anderson et al. 2014; 
Vargas, Ho et al. 2014; 
Tojeiro et al. 2014

Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara
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Combining all BAO measurements

Lines are Planck (2013) LCDM model predictions

BOSS collaboration 2014
Anderson et al. 2014; 
Vargas, Ho et al. 2014; 
Tojeiro et al. 2014; 
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Combining all BAO measurements

BOSS galaxy

BOSS collaboration 2014
Anderson et al. 2014; 
Vargas, Ho et al. 2014; 
Tojeiro et al. 2014; 

Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara

Lines are Planck (2013) LCDM model predictions



Combining all BAO measurements

BOSS Lya and 
Lya X QSO

Font-Riberia et al. 2014
Busca et al. 2014

BOSS collaboration 2014

Shirley Ho,  Planck 2014, Ferrara

Lines are Planck (2013) LCDM model predictions



Combining all BAO measurements

Lines are Planck (2013) LCDM model predictions

BOSS collaboration 2014
Anderson et al. 2014; 
Vargas, Ho et al. 2014; 
Tojeiro et al. 2014; 

Shirley Ho,  Planck 2014, FerraraShirley Ho,  Planck 2014, Ferrara



Inverse Distance Ladder

BOSS collaboration 2014
Shirley Ho,  Planck 2014, Ferrara

- Absolute distances from BAO
- Do not use CMB except for 

sound horizon scale (standard
radiation background calc.)

- SN data can shift up and down
- Hubble constant is robust to a 
variety of Dark energy models
and spatial curvature. 



Hubble Constant comparison

BOSS collaboration 2014
Shirley Ho,  Planck 2014, Ferrara



Hubble Constant comparison

BOSS collaboration 2014
Shirley Ho,  Planck 2014, Ferrara



Comparison with other LSS probes

BOSS collaboration 2014

Lensing, clusters Redshift Space 
Distortions

Lya 1D P(k)

Black: Planck +BAO + SN

Shirley Ho,  Planck 2014, Ferrara



What are the challenges we 
learnt from BOSS ? 

• Full blown analysis of Clustering of the Universe is 
hard, but definitely doable. 

• Things we can improve: 
–Understanding the systematics from both observations 

and astrophysics (Ross, Percival et al. 2014, Vargas, 
Ho et al. 2014) 

–Making much better predictions of the Universe
–Making more accurate measurements of the Universe

Shirley Ho,  Planck 2014, Ferrara



Making Better Predictions of the 
Universe

Shirley Ho,  Planck 2014, Ferrara



Initial condition of the Universe Full Simulation of the Universe

Exact evolution of the Universe

O(100,000) CPU seconds

Shirley Ho,  Planck 2014, Ferrara



Approximate Simulation of the 
UniverseInitial condition of the Universe Full Simulation of the Universe

Distribution-to-
distribution regression

Approximate 
evolution of Universe

O(10)
sec

Exact evolution of the Universe

O(100,000) CPU seconds

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



Distribution-to-distribution regression

Model 

Instead we have                                    where:                                                        

Ideally, one would work with a training dataset of input/output distribution pairs.  O(1000)
sec

Oliver, Poczos, Schneider et al. 2013Shirley Ho,  Planck 2014, Ferrara



Distribution-to-distribution regression O(1000)
sec

Model 

Instead we have                                    where:                                                        

However,  it’s  infeasible  to  directly  observe  distributions; instead observe 
samples                                              where:   

Oliver, Poczos, Schneider et al. 2013Shirley Ho,  Planck 2014, Ferrara



Distribution-to-distribution regression
Model 

Instead we have                                    where:                                                        

Using the samples             , we build nonparametric density estimates  
O(1000)

sec

Oliver, Poczos, Schneider et al. 2013Shirley Ho,  Planck 2014, Ferrara



Model 

Instead we have                                    where:                                                        

Using the samples             , we build nonparametric density estimates  

O(1000)
sec

Distribution-to-distribution regression

Oliver, Poczos, Schneider et al. 2013
Find the inner product between test input and each training input

Shirley Ho,  Planck 2014, Ferrara



Quick Checks : Ratio of power-spectra

Take the power-spectrum of N-body boxes, 
2LPT boxes and Regressed boxes, 

and divide them by the N-body P(k)

Shirley Ho,  Planck 2014, Ferrara
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Figure 3. The pre-power spectrum generated by projection coefficients for
cosine basis. The green line (regression) is between the red line(2LPT) and
the purple line(N body simulation, this improvement for higher k indicates
that the algorithm indeed learns from the mapping and generates modes for
higher k)

Figure 4. The pro-power spectrum generated by FFT.

5.2 Halo Mass Function

If we simply apply the rejection method, the halo mass function
would be Fig. 6. The rejection method clear reflects the direct im-
pact from the regression of projection coefficients. The halo mass
function is between 2LPT and N body simulation, reaching a better
agreement when halo mass is getting larger. This just corresponds
to the fact that the regression is accurate on large scale, while lose
precision in smaller scale because the input 2LPT becomes worse
and worse.

In the previous section we’ve studied the influences of repop-

Figure 5. The relative pro-power spectrum generated by FFT.

Figure 6. Halo mass function by rejection method, with 2LPT, N body sim-
ulation and theoretical prediction for comparison

Figure 7. Halo mass function by rejection method, with 2LPT, N body sim-
ulation and theoretical prediction for comparison

ulation parameters. Therefore, by tunning the parameter, finally we
get the halo mass function with large accuracy shown as Fig. 7. A
relative density plot is shown as Fig. 8. The black line is the halo
mass function generated by rejection method with output coeffi-
cient ncut = 5, which is clear sitting in between regression curve by
rejection with larger number of coefficients and 2LPT, thus gives
support for necessary number of coefficients included in the regres-
sion.

6 SUMMARY**NOT DONE YET**

In the rising age of large-scale galaxy redshift surveys, the need for
fast and accurate methods to create mock galaxy catalogs is at a
premium. In this paper we have presented a new method for creat-

Figure 8. Relative halo mass function by rejection method, with 2LPT, N
body simulation and theoretical prediction for comparison

c� 0000 RAS, MNRAS 000, 1–1

Ratio of power-spectra

Better than 2LPT, so 
we are gaining some 
extra information

2LPT
Regression

Liu, Ho, Trac, Schneider et al. (in prep)Shirley Ho,  Planck 2014, Ferrara





Distribution-to-distribution regression

• After regression, we only have probability density 
distribution, not the particles. 

• We need to “put the particles back”

• Randomly select particles

• Check its Probability density distribution, and 
compare against a random draw between [0,1]

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



    

Distribution-to-distribution regression

Theory

N-body
2LPT

First try
1013M�/h

    1014M�/h

O(1000)
sec

Liu, Ho, Trac, Schneider et al. (in prep)

Halo Mass Function

FoF with same 
linking length

Shirley Ho,  Planck 2014, Ferrara
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ulation parameters. Therefore, by tunning the parameter, finally we
get the halo mass function with large accuracy shown as Fig. 7. A
relative density plot is shown as Fig. 8. The black line is the halo
mass function generated by rejection method with output coeffi-
cient ncut = 5, which is clear sitting in between regression curve by
rejection with larger number of coefficients and 2LPT, thus gives
support for necessary number of coefficients included in the regres-
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In the rising age of large-scale galaxy redshift surveys, the need for
fast and accurate methods to create mock galaxy catalogs is at a
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c� 0000 RAS, MNRAS 000, 1–1

dn/dln(M) vs M at z =0
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Liu, Ho, Trac, Schneider et al. (in prep)



Distribution-to-distribution regression O(1000)
sec

• After regression, we only have Probability density 
distribution, not the particles. 

• We need to “put the particles back”

• First Try : Uses rejection method with randomly 
chosen points. 

• New Two steps: 

• Set up random grid to sample the distribution

• Add extra noise to positions of placed particles

Shirley Ho,  Planck 2014, Ferrara



    

Distribution-to-distribution regression

Theory
N-body
2LPT
First try

1013M�/h

    

1014M�/h

O(1000)
sec

Regression, with random sampling grid  
Reducing number of basis

Halo Mass Function

Liu, Ho, Trac, Schneider et al. (in prep)Shirley Ho,  Planck 2014, Ferrara
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dn/dln(M) vs M at z =0
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N-body
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The harder questions after regression O(1000)
sec

AKA:  The night (of graduate students) is 
dark and full of terror

Shirley Ho,  Planck 2014, Ferrara



The harder questions after regression

• There must be tuning parameters, what are they? 

• How different are we from other fast N-body 
codes?  

• What else can we do to improve this? 

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



The tuning parameters

• 3 Tuning parameters: 

• Sub-boxes Sizes 

• Random Grid Resolution used for repopulating 
the particles in each sub-boxes

• Amplitude of gaussian noise added 

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



The tuning parameters: 
Nbody sub-box sizes O(1000)

sec

Generation of N-body Simulation by F2FR 5

Table 4. Error table for different input coefficient

Input Coefficients Total Regression Error

700 4.98724

600 5.06134

500 5.00686

400 4.94296

300 4.94962

200 5.01076

100 5.06468

Table 5. Error Table for different bin size. PT error is the L2 error between
2LPT and N body simulation, while regression error is between regression
and N body simulation

Bin size Regression Error PT Error

8 6.01033 7.16969

16 4.96661 6.43071

32 1.28446 2.05548

bin centered in the same position in N body simulation. We fix
2LPT bin size to be 32h�1 Mpc, and try to predict N body sim-
ulation with various bin sizes centered at the same position. The
Tab. 6 shows that though larger structure is more precise, smaller
structure, though not as precise as larger scale, is also important for
predicting the N body distribution correctly.

4.4 Repopulation Parameters

As the repopulation of dark matter particles is directly linked with
the pro-power spectrum, we also carefully study the repopulation
parameter, the Gaussian noise amplitude A and the random spaced
grid number Ngrid.

First we fix the number of random grid and change the am-
plitude of Gaussian noise, the halo mass function is Fig. 1. From
this figure, we can see the increasing noise amplitude will decrease
the number of halos identified. The curve nearly shifted with same
spacing for different mass, thus we can control the halo mass func-
tion curve vertically by changing this parameter.

Secondly we fix the amplitude of Gaussian noise and change
the number of random grid, the halo mass function is Fig. 2. From
this figure, we can see increasing the grid will increase the num-
ber of halos identified. Moreover, the slope of the curve also gets

Table 6. Error Table for Changing N body bin size

N-body Bin size Prediction Error Same-size Prediction Error

1/2 7.79114 5.37543

3/4 3.6540 3.42713

7/8 2.3742 1.89335

Figure 1. Halo mass function with changing noise amplitude

Figure 2. Halo mass function with changing number of grid

steeper.Thus we can control the halo mass function curve slope by
changing this parameter.

Combining these two parameter, we can get halo mass func-
tion with considerable precision.

5 VALIDATION OF THE METHOD

In this section we show the improvement for the 2LPT field by ap-
plying the F2FR algorithm. We’ll compare the power spectrum and
halo mass function between 2LPT, N body simulation and regres-
sion.

5.1 Power Spectrum

The pre-power spectrum are shown as Fig. 3. The regression power
spectrum is improved by the algorithm, which also proves the suc-
cess of the application.

After applying our repopulation method, tunning the parame-
ters and calculating power amplitude by FFT, the pro-power spec-
trum are shown as Fig. 4. Note that in this power spectrum, higher k
is gaining more information and for a considerable range of k, the
regression power spectrum is within 20% range of N body spec-
trum. However, in smaller k, which correspond to large scale, the
power spectrum is even worse than 2LPT. We believe it’s caused by
boundary effect when we bin the particles into 16 h�1 Mpc boxes
and process them separately. By rough estimation, the boundary
effect will induce an error for k = 2⇡

L = 0.39hMpc�1. Seen from
Fig. 5, the turning point just corresponds to this value.

c� 0000 RAS, MNRAS 000, 1–1

Error = 
sum of the mean square 

error between the 
predicted and the true. 

Liu, Ho, Trac, Schneider et al. (in prep)

increasing 
sub-box sizes

Shirley Ho,  Planck 2014, Ferrara



The tuning parameters: grid resolution O(1000)
sec

Generation of N-body Simulation by F2FR 5

Table 4. Error table for different input coefficient

Input Coefficients Total Regression Error

700 4.98724

600 5.06134

500 5.00686

400 4.94296

300 4.94962

200 5.01076

100 5.06468

Table 5. Error Table for different bin size. PT error is the L2 error between
2LPT and N body simulation, while regression error is between regression
and N body simulation

Bin size Regression Error PT Error

8 6.01033 7.16969

16 4.96661 6.43071

32 1.28446 2.05548

bin centered in the same position in N body simulation. We fix
2LPT bin size to be 32h�1 Mpc, and try to predict N body sim-
ulation with various bin sizes centered at the same position. The
Tab. 6 shows that though larger structure is more precise, smaller
structure, though not as precise as larger scale, is also important for
predicting the N body distribution correctly.

4.4 Repopulation Parameters

As the repopulation of dark matter particles is directly linked with
the pro-power spectrum, we also carefully study the repopulation
parameter, the Gaussian noise amplitude A and the random spaced
grid number Ngrid.

First we fix the number of random grid and change the am-
plitude of Gaussian noise, the halo mass function is Fig. 1. From
this figure, we can see the increasing noise amplitude will decrease
the number of halos identified. The curve nearly shifted with same
spacing for different mass, thus we can control the halo mass func-
tion curve vertically by changing this parameter.

Secondly we fix the amplitude of Gaussian noise and change
the number of random grid, the halo mass function is Fig. 2. From
this figure, we can see increasing the grid will increase the num-
ber of halos identified. Moreover, the slope of the curve also gets

Table 6. Error Table for Changing N body bin size

N-body Bin size Prediction Error Same-size Prediction Error

1/2 7.79114 5.37543

3/4 3.6540 3.42713

7/8 2.3742 1.89335

Figure 1. Halo mass function with changing noise amplitude

Figure 2. Halo mass function with changing number of grid

steeper.Thus we can control the halo mass function curve slope by
changing this parameter.

Combining these two parameter, we can get halo mass func-
tion with considerable precision.

5 VALIDATION OF THE METHOD

In this section we show the improvement for the 2LPT field by ap-
plying the F2FR algorithm. We’ll compare the power spectrum and
halo mass function between 2LPT, N body simulation and regres-
sion.

5.1 Power Spectrum

The pre-power spectrum are shown as Fig. 3. The regression power
spectrum is improved by the algorithm, which also proves the suc-
cess of the application.

After applying our repopulation method, tunning the parame-
ters and calculating power amplitude by FFT, the pro-power spec-
trum are shown as Fig. 4. Note that in this power spectrum, higher k
is gaining more information and for a considerable range of k, the
regression power spectrum is within 20% range of N body spec-
trum. However, in smaller k, which correspond to large scale, the
power spectrum is even worse than 2LPT. We believe it’s caused by
boundary effect when we bin the particles into 16 h�1 Mpc boxes
and process them separately. By rough estimation, the boundary
effect will induce an error for k = 2⇡

L = 0.39hMpc�1. Seen from
Fig. 5, the turning point just corresponds to this value.

c� 0000 RAS, MNRAS 000, 1–1

1013M�/h 1014M�/h

Halo Mass Function

Liu, Ho, Trac, Schneider et al. (in prep)

Shirley Ho,  Planck 2014, Ferrara



How different are we from Other Fast 
Nbody codes?

• Cosmological dependence comes from large scales.

• Small scale cosmological dependence are “inherited” from the 
large scales. No cosmological or astrophysical assumptions 
needed in the regression. We can predict simulations with 
cosmological parameters different from our training sets. 

• All tuning parameters are either not or only very slightly 
cosmologically dependent 

• Fast! 2 CPU hours for box size of 1 Gpc/h, 2048^3 particles. 

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



Other things we can do to improve

• Adding in velocities as part of the regression

• Investigate exactly how strong is the cosmological 
dependence for the regression, how different can the 
cosmological contents of the training set and the test 
set be?

• Investigate our higher point functions and other 
summary statistics. 

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



Approximate Simulation of the 
UniverseInitial condition of the Universe Full Simulation of the Universe

Distribution-to-
distribution regression

Approximate 
evolution of Universe

O(10)
sec

Exact evolution of the Universe

O(100,000) CPU seconds

O(1000)
sec

Shirley Ho,  Planck 2014, Ferrara



Making Better Measurement ?

Shirley Ho,  Planck 2014, Ferrara



Linear

Eisenstein, Seo, Sirko, Spergel, 2007; 
Noh, White & Padmanabhan 2009; Padmanabhan et al. 2012

Going back in time! 
to make BAO easier to detect

Shirley Ho,  Planck 2014, Ferrara



Simulations for BOSS
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true velocities in 
simulations 
depends on 
information from 
many scales

Vargas, Ho, + BOSS collaboration 2014
Shirley Ho,  Planck 2014, Ferrara

Simulation by Martin White, 
Jeremy Tinker, Cameron 
McBride



Standard reconstruction for BOSS
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New Method: SuRF
Subspace Ridge Finding

Ozertem & Erdogmus, 2011
Chen, Genovese & Wasserman, 2014a
Chen, Genovese & Wasserman, 2014b
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Vargas, Ho, Chen, Genovese  et al. (in prep)
Shirley Ho,  Planck 2014, Ferrara



New Method: SuRF
Subspace Ridge Finding

●●●

●
● ●

●●

● ●●●

●● ●●●●

● ●

●
● ●

●

●● ●
●● ● ●

● ●●●●●
●●●●●●●●●●
●● ●● ● ●● ● ●● ● ●

● ●
●●

●
● ● ● ●

●
● ●● ●

●●

● ● ● ● ●
● ●

●● ● ● ●
● ●● ● ●

● ● ●●●● ●● ● ● ● ● ● ●
● ●● ● ● ●●

● ● ●● ● ●●
●
● ●

●●●●
●

●
● ●●

●● ●

● ●
●● ● ● ●

●
●
●● ●

● ●
●●●●●●●

●● ● ● ●
● ●

●

●●●●●● ● ●

● ●
● ●●

●
●
●
●●

●

●

●

●

●
●

●
●●
●

●
● ●

●●

● ●
●

●

● ●●●●
● ●●

●
●

●
● ●

●●
●
●

●
●

●● ● ● ● ●

● ● ●●
●

●

● ● ● ● ● ●
●● ●

● ●

●●
● ● ● ● ●

● ●● ● ● ● ●
●

● ●● ●● ● ● ●● ●●● ● ●●

● ●●● ● ● ●
● ●

●
●
●

●

●
●●● ●●●●●●

● ●
●
●●
●●

● ●
●

●
●●●●●●●●●●

●●●●
● ●● ● ●●●● ● ●

● ● ● ●●
● ●

●
●●● ● ●

● ● ● ● ● ● ●

● ●

●● ● ● ● ● ●

● ● ● ● ● ●● ●

●● ●●● ●● ●●●
●●●●

● ● ● ● ● ●●
●

●
● ● ●

●
● ● ●

●
● ● ●

●
●● ●● ● ● ●● ●

●
● ●

●●●
●

● ● ● ●

● ●
●● ●●

● ●● ●

●●●●●●●●●●●
●
●●
●● ●

●●● ● ● ● ● ●

●
●

● ● ●

● ●

● ●● ● ●
●●● ●

● ●
●

●
●
●

●●
● ●

●
●●●
●●● ● ●● ●

●
●● ●

● ● ● ● ●

● ● ● ● ●

●●

●
● ●●

● ●
●

●
●
●

●
●●●

●● ●

●●

●

●
●

● ●● ●

● ●
● ●

●●●
●●●●
●

● ●● ●●

● ● ●
●

●
●

●
● ●

●●●●● ●
●●

●●● ●

●●●●●●
●

●●
●●

●
●
●

● ● ● ●●

● ●
● ● ●●

●

●
●

●●
●●

●
●

●
●

●●●●●
●

●

●
●

● ●
●●●●●●

● ●

● ● ● ●
●● ● ● ●

● ● ●●●
●

● ●● ●●●●● ● ● ●

● ● ● ●

● ●
●

●
● ●●● ●●

● ● ●●●● ● ● ●
●

●

●

● ●●●● ●●

●●●●●
●
●

●
● ●

●
● ●

●● ● ●● ●

● ● ● ●●●
● ● ●●

●

● ●

●

●

●
●

●●●
●●●

●

●●● ●●●

● ●

●●

●

●

●
● ●

●●●● ●

●●

●
●

●
● ●

● ●●●
● ● ●● ●

●

● ●
●

●

●

● ●

●

● ●

●

●

●

● ●●●
●
●●

● ● ●

● ●
●

● ● ●●●

● ●
● ● ● ●

●

●●
● ●●

●

●
●●
●●●●●

●●
●

●●●● ●
●

●

● ●

● ● ●
● ●●

●

●

●●
●●
● ● ●●●

●● ●
●

●
●

●
●●●
● ● ● ●

● ●●
●●

●
●

●●● ●● ● ● ●
● ●●

●
●●●

● ●

●

●

●
●●●●● ●

●●
●
●●●
●
●●

● ●
● ● ●

● ● ● ●
●

●●●

●●

●
●

● ● ●
●

● ●

●● ●
●

●

●
●

●

●● ●●●●
●

●

●●●● ●
●

●● ●

●

●● ●● ●
●
● ●

●
●

● ●
●

● ●

●

●

●

●
●●●● ●

●
●

●

●●●●●

●●●
●
●

●
●●●

● ●
●

● ● ●● ● ● ●●●●● ●

●

●●

●

●
● ● ●●●●●●

●

●●● ●

●

●
●

●●●
●●

● ●
●●●
● ●● ●

●●

●
●

●
● ●

●
●

● ●●
●●

●●
● ●●●● ●

●●
●

●●
●●●

●●

● ● ●●● ●

● ●

● ●

●●
● ●●●●●●

●●

●

●
●

● ● ●●
●
● ●

●

●

●

●● ●● ●●
●

●

● ● ●

●

● ●
●

● ●
● ●

●

●●●
●

●

●●

●

●
●

●

●●

●

●

● ●

●

●●

●

●

● ●

●

●

●●
●
●

●
●

● ●

●●●

●

●

●
●●

●

●

●
● ●

●
●

●

●

●

●

●

●
●

●●● ●●●

●

●
●

●

●
●●

●
●

●

●
●

●

●●
●

● ●

●●
●

● ●
●

● ●●

●

●● ●

●

●

●●●● ●

● ● ●●

● ●
●

●
●

●
●●

●

●

●

●
●

●

●● ●

●

● ●
●●

●
●

●

●

●

●●

●

●

●

●
●●

●

●

● ●

●

●
●

●
●

●

●●

●
●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●
●

●●●
●

●
●

●

●
●

●

●

●●
●
●

●

●

●
●
●

●

●

● ●
●●●
●
●
●

● ●

●

●

●

●

●●

●

●●●● ●
●●●

●●●●
● ●●● ●

● ● ●●●
●

●
●

● ●
●

●

●

●
● ●

● ●

●

●
●●●●

●

●

●●
●

● ● ●
●●

● ●
● ●

●
●
●●●
●
●
●●

● ●

●●●●●

●● ● ●
●

●
●●
●● ● ● ●

● ●
●

●
●

●

●
●

● ●●

● ●●●●●● ●● ●
●

●

●
●
● ●

●●
●●●● ●

●

●

● ●

●●
●

●

●

● ●

●

●

●

●

●

●

●

●
● ●

●
●

●

●
●

●
●

●

●

●

●

●

●●●
●●

●●

●

● ●
●●
●●

●

●

●
●

● ●
●

● ● ●
●

●

●

●

●

●
●

●●
●

● ●●●●
●● ● ●●

● ●
● ●● ●

●

●
●

●●●

● ●
●

● ●

●

●

●●
●●

●

●

●

●

●

●

●

● ●

●●

●●

●●●

●●

●●

●

●

●

●

●

●

●

●●

●

●
●●●

●

●

●

●

●

●

●
●

●

●

●
● ●●●●

●

●

●

●

●●●●●

●

●

●

●

●●●

●
●●

●

●

●
●

●

●

●

●●

● ●●

●

● ●●●●

●

● ●

●

●●●●●●●●
●●●●●

●
●

●●

●

●

●

●
●

● ●●
●

●●

●

●

●

●●

●

●●
●●

●

● ●●●●

●

● ●

●●
●

●●

●

●

●

●

●
●●

●

● ●
●

● ●

●

●

●

●

● ●●

●
● ●

●

●

●

●

●

●

●

●
●

●●●●●●
●

●

●

●●

●

●

● ●

●

●●●

●

●

● ●

●●

●●

●

●

●●
●

●

●

●

●

●●

● ● ●●
●

●

● ●

●

●

●●

● ●
●

●

●

●

●

●●

●

● ●
●●

●

●

●
●●
● ● ●●

●

●

●

●●

●
●

●

●●●
●

●
●

●

●

●

●

●

●

●

●

●

● ●

●● ●●
● ●

●●
●●●

●
●

●●
●

●
●●●

●●●●●●
●● ● ●

●●●● ●●●
●

●●

● ●

●
●

●●●●●

●
●

●

●●

● ●

●
●
●

●●
●

●

●

●
●

●
●

●
● ● ●

● ●
● ●

●
●

●●
●
●●

● ●● ●
●
●

●●

●
●

●
●

●

●● ●● ●●●
●
●●●●●●●

●● ●

●●

●
●

●

●

●

● ●●
●●●●●●

●
●

●

●
●

●●
● ●

●

●● ●●

●

●

●

●● ●

●

●

●●●

●

●

●

●

●

●
●●

●

●●

●●●●

●

●

●●

●

●

●

●
●●

●

● ●
●

●●●
●

●

●

● ●●●●●

●

●
●● ●

●
●● ●

●

●

●

●●

●●

●

●

● ●

● ●

●●
●
●

● ●● ●● ●

●

●

●

●

●

●
●

●
●●● ●

●
●
●●
● ●

●

●

●

●

● ●

● ●
●
● ●●

●●
●● ●

●●●●●●
●●●●●●●●

●
●●●●
●●●●●

●
● ●●

●

●

●

●

●

●●●● ●
●●
● ●●

●

●

●
●●●●●●●●●●●●

●●●●
●●● ● ●●

●

● ●

●

●

●
● ●●●

●
● ● ●●

●

●

● ●

●
●

● ●

●●● ●
●●

●
●
●

●●● ● ●
●● ●●

●● ●●● ● ●

●

●

●●

●●
●●

●

●

●●
●

● ● ●
● ● ●

● ●

●

●

●●

●
● ●

●

● ●●

●

● ●●
●
●●●●

● ●● ●
●

● ●

●

●

●

●

●

●

● ●●●●
●●●●●●

●
●●●●●●●●●●
●
●●●
●
●●
●●●●●●
●●●●●●●

●
● ●

● ●

●●

●

●

●●
●

●
●

●
●

●●
● ● ●

● ●
● ●

●●

●

●

●●
●

●

●●
●

● ●

● ● ●

●
●

●●

●

●

●

●

● ●●

●

●

●

●●

●

●

●

●
● ●

●

●●●

●●

●

●

●●
●●

●
●●●●

●

●
●●

●
● ●

●

● ●●

●

● ●●

●●
● ●●●●●

●
●
●●
●●
●●●●●●●●

●
●

●●
●

●
● ●

● ● ●
●●

● ●

● ●

●
●●

● ●
●● ●

●
●

●

● ●

●● ● ●
●
● ●

●●
●
●● ●

●

●

● ●

●
●

●

● ●
●●

●●
●●
●●●
●●●●

●

●

●

●

●

●

● ●
●●

●
●
●●●
●● ●●

●
●

●

●

●

●

●
●

●
●

●●
●●
●●●●
●
●●●●● ●●●● ●●●

● ●
●

●●● ●

●

●

●

●

●

●

●
●● ●●

●
●

●

●

●
●

● ●
●

● ●●●
● ●

●●●●
●
●

● ●●

●

●
●

●

●●
●

●
●●

●

●

●

●

●
●

●●

●
●

●
●

●● ●
●
●●●
●●●

●●● ● ●
●

●

●

●

●

●

●

●●

●●●●
●●
●●
●●●●●

●●
●

●

●

●

●

●

●● ● ●
● ●●●

●●●●● ●●
●● ●

● ● ●

●

●

●

●

●

●●●
●● ●● ●●

● ●
●

●

●
●

●

●

●
●

●●
● ●

●●●●●
●

●
●●●

●●

●

●

●●●●
●

●

●

●

●

●

●

●

●

●

●

●
●●●

●

●
●●●●●●●●

●●●
●
●●● ●

●●

●●●
●

●● ●

●

●
●

●●
●
●
●
●●●●

●

●
●

●●
●●

●
● ●

●●●●

● ●

●

●●

●

● ●

●
●● ●

●
●
●

●● ●
●●

●
● ●

●

●

●
● ●●

●

●●

●
●
●●●

● ●●

●●
●

●

●
●

●

●●

● ●

●

●

●

●

●●

●
●●

●

●●●

●●
●
●

●
●
●

●● ●

●●

●

●
●

●

●●
● ●

●●

●

●●

●
● ●●

● ● ●

●

● ●
●

●

●

●
●

● ●

●

●
●●

● ●

●

●

●●

●●●●●●●●
●●

●●

● ●
●

●●

●●
●

●
●●

●

●

● ●
●●

●●●

●●

● ●

●

● ●
●●

●

●

●

●●

●

●

●

●●●●●●

● ●

●
●

●

●
● ●

● ●●
●●●●

● ●●

●

●

● ●●●
● ●

●

●● ●
●●

●●
●●

●●
●●●
●
●

●●●
●

●

● ●

●
●

●

●

● ●
●●

●●

●

●

●●

●
●
●
●
●●
●●●●

●
●

●

●

●

●
●●

●
●

● ●●

● ●

●

●
●●

●

● ●●

● ●●

●

●

●●●
●●●●●●●●

● ●
●●

● ●

●

●

●●●

●

●

●

●
●

●

●●

●●
●● ●

●

● ●●
●

●

●

●
●

● ● ●

●●

●
● ●

●●
●

● ●

●
●

●
● ● ●

●

●
●

●
●

●

●

●●● ● ●
● ●●

●

●

●● ●

●
●

●

●●

●

●
● ●

●●

●
●

● ●
●

●

●●

●

● ●

●

●
●

● ●●

●

●

● ●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●
●

● ●

●●

●

●
●

●●●●●● ●●

●

●●

●
●●

● ●

●

●●
●
●●

●

●

● ●●●

●●

●●

●

● ●
●

●

●

●

●●●●

●

●●

●

●

●

●

● ●●
● ●

●

●●●
●

●
●● ●●●●

●
●●

●

●●●●
●●

● ● ●

●●

●●●●●
●●●●

●
●●

●●●
● ●

● ●

●●
●● ●

●

●●

● ●
●●

●
●

● ●

●●
●

●
●
●

●
●
●

●

●

140 145 150 155 160 165 170

0
5

10
15

20
25

30

RA

de
c

●

●●●●

●

●

●●●●●

●

●

●

●

●
●

●●●●●●●●●●●●●●●●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●
●

●
●

●●●●●●
●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●
●●●●●●●●
●
●
●

●

●

●
●
●
●●●●
●●●

●

●

●●●●

●

●●●●●

●

●

●

●

●
●

●
●●●●●●●●●●●●●●●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●●●●●●●
●
●

●

●

●

●
●

●

●

●

●

●

●
●
●●
●●●●
●●●●
●
●
●

●

●

●
●
●
●●●●
●●●

●

●

●
●●●

●

●

●●●●

●

●

●

●

●

●●
●●●●●●●●●●●●●●●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●
●

●
●●●●●

●
●
●
●

●

●

●

● ●

●

●

●

●

●
●

●
●
●●
●●●
●●●
●
●
●

●

●

●

●

●
●
●●●●
●●●

●
●

●

●●●●

●
●●●●●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●
●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●
●
●●●●●

●
●

●
●

●
●

●

●

●

●

●
●

●

●
●

●
●
●●
●●
●●●
●
●
●
●

●

●

●

●

●
●
●●●
●●●
●

●●

●

●●●●●

●

●●●●●

●

●

●

●

●
●

●●●●●●●●●●●●●●●
●

●
●

●

●

●

●
●

●
●

●

●

●

●

●
●

●
●

●●●●●●

●
●●

●
●

●

●
●

●

●

●
●

●
●

●
●●

●●
●●
●●
●●
●
●

●

●

●

●

●

●
●
●●●
●●●
●

●

●

●

●

●
●●●●

●

●●●●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●
●

●
●

●

●

●

●

●
●

●
●

●

●

●

●
●

●
●
●●●

●
●●

●●
●●

●
●

● ●

●

●

●
●

●
●

●●●
●●

●●
●●
●
●
●
●

●

●

●

●

●

●
●
●●●
●●●

●

●

●

●●

●

●●●●●
●

●

●
●●

●

●

●

●

●

●

●
●●●●●●●●●●●●●●

●
●

●
●

●

●
●

●
●

●

●

●

●

●

●
●

●●

●●
●●

●●
●●

● ●
●

● ●

●

●

●
●

●
●

●●●
●●

●●
●●

●
●
●

●

●

●

●

●

●

●

●
●●●

●●●●

●●

●

●●

●

●●●●●●●
●

●●

●

●

●

●

●●
●●●●●●●●●●●●●●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●
●●

●●
●●

●●
● ●

●
●

●

●

●

●
●

●
●

●●●
●●

●●
●●

●
●

●

●

●

●

●

●

●

●

●
●●●●●●●

●

●●

●

●

●

●

●
●●●●●●●

●

●

●

●

●

●

●●
●●●●●●●●●●●●●●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●●

●●
●●

●●
● ●

● ● ●

●

●

●●
●

●
●●●

●●●
●●

●●
●

●

●

●

●

●

●

●

●

● ●●●●●

●●

●●

●
●

●●●

●

●

●
●●●●●●

●

●

●

●

●

●
●

●
●●●●●●●●●●●●●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●●●

●●●
●●

● ● ● ●

●

●

●

●●
●

●●●●●
●●●

●●
●

●
●

●

●

●

●

●

●

●

●●●●

●●●●

●

●

●
●

●

●●●●
●

●

●●
●
●●●

●

●

●
●

●

●●
●●●●●●●●●●●●●●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●●●
●●●

●●● ● ● ●

●

●

●

●

●●
●●●●●

●●●
●●

●
●

●

●

●

●

●

●

●

●
●●●●●●●●

●
●

●

●●

●●●●●
●

●

●

●
●
●●

●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●●●●
●●●●

● ● ● ●

●

●

●

●

●●●●●●●●
●●●

●●
●

●

●

●

●

●

●

●
●
●●●●●●●●

●●
●
●

●

●
●●●●

●

●

●
●
●●●●

●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●
●

●
●

●●
●

●

●

●

●

●

●
●

● ●●●●
●●●●● ● ● ●

●

●

●

●

●●●●●●●●
●●●●

●●
●

●

●

●

●

●

●
●
●●●●●●●●

●●
●
●

●

●

●
●●

●
●

●

●●●●●●

●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●●
●

●●●
● ● ● ● ●

●
●

● ●●●●●●●●●● ● ● ●

●

●

●

●

●●●●●●●●●●
●●●●

●
●

●

●

●

●

●
●
●●
●●●●●●

●●
●
●
●

●

●

●●
●

●
●

●
●●●●●

●

●

●

●

●

●

●

●●
●●●●●●●●●●●●●●●●●● ● ● ● ● ● ●

● ●●●●●●●●●●●● ● ●

●

●

●

●

●●●●●●●●●●●●
●●

●
●

●

●

●

●

●
●
●
●●●●●●●

●
●
●
●
●●

●

●
●

●
●

●

●

●
●●●
●

●

●

●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●●●● ● ● ● ●
● ●

●●●●●●●●●●●●● ● ●

●

●

●

●

●●●●●●●●●●●●●●
●

●
●

●

●

●

●

●
●
●●●
●●●●

●●●●
●
●
●

●

●
●

●

●

●

●●●
●

●

●●●

●

●

●

●

●

●

●
●

●●●●●●●●●●●●●●●● ● ●
● ●

●

●

●

●●●●●●●●●●●● ●

●

●

●

●

●

●●●●●●●●●●●●●●●
●

●

●

●

●

●

●
●
●●
●●●●●

●●●●●●
●

●

●●●

●

●●●
●

●

●●●

●

●

●

●

●

●

●

●●
●●●●●●●●●●●●●●● ●

●
●

●

●

●

●●
●
●

●

●●●●●●●●● ●

●

●

●

●

●

●

●●●●●●●●●●●●●●
●

●

●

●

●

●

●
●
●
●●●
●●●

●●

●

●

●●●●

●

●
●

●
●

●

●
●

●●●●

●

●

●
●

● ●

●

●

●

●
●●●●●●●●●●●● ●

●

●

●

●

●

●

●●
●
●
●
●
●

●

●●●●●●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●
●

●

●

●

●

●

●
●
●●
●●●●

●●●
●●

●

●

●●

●
●●●

●

●

●●●●●
●

●

●
●

●

●

●

●

●●●●●●●●●●●● ● ●
●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●
●●●

●
●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●
●

●

●

●

●

●

●
●
●●
●●●
●

●●●
●●

●●
●

●

●

●●●●●

●

●
●●●

●

●

●
●

●

●

●

●

●

●

●●●●●●●●● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●●
●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●
●

●

●

●

●

●
●
●
●●
●●
●

●●●
●●●

●●
●●

●●
●

●●

●
●●

●●

●

●

●
●

●

●

●

●

●

●●
●●●●●●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●
●

●

●

●

●

●
●
●
●
●
●●

●●●
●●●

●●●
●●●

●●●
●●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●●●●● ● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●●●
●

●
●

●

●

●

●
●
●
●

●●●
●●●

●●●
●●●

●●●
●●

●●

●
●

●

●
●

●

● ●

●

●

●

●●
●●●●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●●●●●
●

●
●

●
●

●

●

●●●
●●●

●●●
●●●

●●●
●●

●●
●

●

●
●

●
●

● ●

●

●

●

●

●
●●●●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●
●●●●

●●●
●●●

●●
●●

●●
●

●

●
●

●
●

● ●

●

●

●

●
●

●
●●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●●●●●●●●●
●●

●●
●●●●●●●●●●●●

●●●
●●●●

●●●
●●●

●●
●●

●●
●

●

●
●

●
●

●

●

●

●

●
●

●
●

●●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●●●●●●
●●

●
●
●
●
●
●●
●●●●●●●●●●

●●●●
●●●●

●●●
●●●

●●
●●

●●●
●

●
●

●

●

●

●

●

●
●

●
●●●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●●●●
●●●

●●
●
●
●
●
●
●
●
●●

●●
●●●
●●●

●●●●●
●●●●

●●●
●●

●●
●●

●●●
●

●
●

●

●

●

●

●
●

●
●

●●●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●●●●
●●

●
●
●
●
●
●
●

●
●
●
●●●

●●●●●●

●●●●●●
●●●●

●●●
●●

●●
●●●● ●

●
●

● ●

●

●

●
●

●
●

●●
●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●●●
●●●

●
●
●
●
●
●
●

●
●

●
●

● ● ●

●●
●●●●

●●●●●●●●
●●●

●●●
●●

●●●●●●
●

●

●

●

●

●

●
●

●●
●

●
●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●●●●●●●
●●

●
●
●
●
●
●

●
●

●
● ●

●
●

●
●
●●

●●

●●●●●●●●●
●●●

●●●
●●●

●●● ●
●

●

●

●

●

●●●
●●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●
●●●●●●●●●
●●

●
●
●
●
●

●
●

● ●

●
●

●
●

●
●●

●●

●●●●●●●●●●
●●●

●●●
●●●●●

●

●

●

●

●

●

●●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●
●●●●●●●●●●●

●●
●
●
●
●

●
● ●

●
●

●
●

●
●
●●
●●

●●●●●●●●●●●
●●●●

●●●●●
● ●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●

●

●

●

●

●

●

●

●

●

●
●●●

●
●

●
●●●●●●
●●

●
●
●

● ●

●
●

●
●

●
●

●
●●●
●

●●●●●●●●●●●●●
●●●●●●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●●●●●
●●

●● ●

●
●

●
●

●
●

●
●●●●●

●●●●●●●●●●●●●●●●●● ●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●●
●●
●
●

●

●

●●●●●●●
●●

●
●

●
●

●
●

●
●

●●
●●●

●●●●●●●●●●●●●●●● ● ●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●
●●●

●●●●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●
●

●●●●
●●
●
●
●
●

●

●

●

●●●●●

●
●

●
●

●
●

●
●

●

●

●●●●

●●●●●●●●●●●●●●● ● ●
●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●●●●●
●
●●●●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●●●●
●●
●
●
●
●
●
●

●

●
●●

●●
●

●
●

●
●

●

●

●

●
●●

●
●●

●●●●●●●●●●●●●●● ●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●
●●
●

●

●

●

●
● ●

●●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●●●●
●●
●
●
●
●
●
●
●
●

●

●
●

●●
●

●
●

●
●

●

●

●
●

●
●●●

●

●●●●●●●●●●●●●● ● ●
●

●

●

●

●

●

●

●

●
●

●
●

●●
●●

●
●

●
●

●
●●●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●●●
●●
●●

●
●
●
●
●
●
●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●

●●●●●●●●●●●●●● ●
●

●
●

●

●

●

●

●

●

●
●

●●●
●●●

●●
●●

●●
●

●
●

●

●

●

●

●

●

●
●●●●●
●
●

●

●

●

●

●

●

●

●

●

●

●●●●●
●●●
●
●
●
●
●
●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●

●●●●●●●●●●●●●●
●
●
●
●
●

●

●

●

●

●

●

●●●●●●●
●●●●●●

●

●

●

●

●

●

●

●
●
●●
●●●●●●●
●

●

●

●

●

●

●

●

●

●
●

●●●●●
●
●
●
●

●
●
●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●
●●

●●●●●●●●●●●●●
●
●
●
●
●
●
●

●

●

●

●

●

●

●●●●●●●●●● ●

●

●

●

●

●

●

●

●
●
●●
●●●
●
●
●

●
●
●

●

●

●

●

●

●

●

●

●
●

●●●●●●
●
●

●
●

●
●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●
●●

●●●●●●●●●●●●●
●
●
●
●
●
●
●

●

●

●

●

●

●
●

●●●●●●

●●
●
●

●

●

●

●

●

●

●

●

●
●●

●●
● ●

●
●●
●

●

●

●

●

●

●

●

●

●

●
●

●
●●●●●
●

●
●

●
●

●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●
●●

●●●
●

●●●●●●●●●
●
●
●
●
●
●

●

●

●

●

●

●

●
●●●●
●●
●●
●
●

●

●

●

●

●

●

●

●

●

●

●●

●●●●●●
●
●

●

●

●

●
●

●

●
●

●

●
●

●
●●●●●
●
●
●

●
●

●
●
●
●

●●
●●

●
●

●
●

●
●

●
●

●
●

●
●
●
●

●●●●
●●

●●

●●●●●
●
●
●
●
●
●

●

●

●

●

●

●

●
●
●●
●●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●
●
●●
●●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●●●●
●
●
●
●
●
●
●
●

●●●
●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●
●
●

●●
●
●
●
●
●
●
●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●

●

●
●

●●●●●
●
●
●
●
●
●
●
●

●●●
●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●

●

●●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●●●●
●●

●
●
●
●
●

●●●
●●

●●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●
●

●

●●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●

●
●

●
●

●

●

●

●

●

●

●
●

●●●●●●
●
●
●
●
●

●
●●

●●
●●

●●
●

●
●

●
●

●
●

●
●

●
●

●

●●●●●●●●
●

●●
●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●

●
●

●
●

●

● ●

●

●

●

●

●
●●●●●●
●●

●

●

●
●●●

●●
●●●●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●
●

●●
●
●

●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●

●
●

●
●

●
●

●

●

●

●

●

●
●
●●●●●●
●

●

●

●●●●●●
●●

●●●
●

●
●

●
●

●
●

●
●

●
●

●●●●

●

●●●

●

●●
●

●
●

●

●

●

●
●
●
●
●

●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●●●
●

●

●

●
●

●●●●
●●

●●●●
●

●
●

●
●

●
●

●
●

●

●●
●

●

●●●●

●●
●

●
●

●

●

●

●

●

●
●
●
●
●

●

●

●

●

●

●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●

●
●

●
●

●
●

● ●

●

●

●

●

●
●

●
●

●●
●●●

●
●

●
●●●

●●
●●

●●
●●

●
●

●
●

●
●

●
●

●

●●
●

●

●●●

●

●●
●

●

●

●

●

●

●

●
●
●
●
●
●
●

●

●

●

●

●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●

●
●

●
●

●
●

●
● ●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●●●
●●

●●
●●

●●
●●

●
●

●
●

●
●

●

●●

●

●
●●●

●

●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●

●

●

●

●
●

●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●

●
●

●
● ●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●●●

●●
●●

●●
●●

●●
●●

●●
●●

●●

●●●

●●●

●

●●
●

●

●

●

●

●

●

●
●
●
●
●●
●●
●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●
●
●
●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●

●
● ●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●●

●●
●●

●●
●●●

●●●●
●●●●●●

●●●

●●
●

●

●
●

●

●

●

●

●

●

●

●
●
●●
●●●●
●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●
●
●
●
●

●

●

●

●

●
●
●
●
●
●●●

●
●
●
●

●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●
●●

●●●
●●●●●●●●●●●●●●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●
●●●
●●●●●
●

●

●

●
●

●●●●

●●●●●●●

●
●
●
●
●
●
●

●●
●●

●●
●●

●●
●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●●

●●●
●●●●●●●●

●
●
●
●
●
●●●

●
●

●●●

●
●

●

●

●

●

●

●

●

●
●
●●●●●●●●●
●

●

●

●●●●●●●●●●●●●●●

●

●
●
●●

●●●
●●

●●
●●

●● ● ●
●

●

●

●

●

●

●

●
●
●

●
●

●
●

●
●

●
●

●●
●●●●●●●●●

●
●
●
●
●

●●
●●

●

●

●
●●●
●

●

●

●

●

●

●

●

●
●●
●●●●●●●●●
●
●

●●●
●●●●●●●●●●●●●●●●

●

●●●
●●
●●
●●

●●
●

●

●

●

●

●

●

●

●

●

●
●
●
●

●
●

●
●

●
●

●●
●●●●●●●●●

●
●
●

●●
●
●

●●●
●

●

●

●●
●
●

●

●

●

●

●

●

●
●●●●●●●●●●●
●
●

●●●●●●
●●●●●●●●●●●●● ●

●

●●
●●

●●
●●●

●●

●

●

●

●

●

●

●
●
●

●
●
●
●
●
●

●
●

●
●

●
●●

●●●●●●●●
●●

●●
●●

●●
●

● ● ●

●

●

●

●●
●

●

●

●

●

●

●
●●●●●●●●●●●
●
●

●●●●●●●●●●●●●●●●●●● ● ●

●

●

●
●●

●●●
●●●

●

●

●

●

●

●

●
●
●
●

●●
●
●
●
●

●
●

●
●

●
●●●●●●●●●

●●
●
●●

●●● ● ●●●●

●
●
●●

●

●●

●

●

●

●
●●●●●●●●●●●
●●

●●●●●●●●●●●●●●●●●●●● ●

●

●

●
●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●

●●
●
●

●
●

●
●

●
●

●
●●●●●●

●●●
●●●

●●
●

● ● ●●●●●

●●
●
●●
●●●●●●●●●●●●●●●●
●
●

●●●●●●●●●●●●●●●●●●●●● ●

●

●
●

●
●

●●
●

●

●

●

●

●

●

●

●

●

●

●
●
●
●●

●
●

●
●

●

●

●

●

●
●

●●

●●●●●
●●

●

●●●● ● ●●●●●●●

●●●●
●●
●
●●●●●●●●●●●●●
●

●●● ● ● ●●●●●●●●●●●
●●●●●● ●

●

●

●
●

●
●●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●●

●
●

●
●

●

●

●

●

●
●

●●●●
●●
●●

●●

●
● ● ●●●●●●●●

●●●● ● ● ●●
●

●●
●

●●●

●●●●
●

●●● ● ● ● ●●●●●●●●●●
●●●●●● ●

●

●

●
●

●
●

●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●●●
●

●

●

●

●

●

●

●

●●
●●●

●●

●●●
●

● ● ●●●●●●●●●

●●● ●

●

●

●
●

●
●●●

●
●●●

●●

●●●● ● ● ● ●●●●●●●●●●
●●●●

● ●

●
●●
●

●●
●

●
●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●●●

●

●

●

●

●

●

●
●●●

●●

●●●●
●

● ● ●●●●●●●●●●

●●
●
●

●
●●

●

●

●

●

●●●

●●
●●●●● ● ● ● ● ●●●●●●●●●●●

● ●

●
●
●
●●
●●

●●
●

●
●

●●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●●●●●●●

●

●

●

●
●

●
●●

●●●●●
●

● ● ● ●●●●●●●●●●

●
●
●●

●
●

●

●

●

●

●

●

●

●●●
●

●●●● ● ● ● ●●●●●●●●●● ● ● ●

●
●
●
●
●●
●●

●●
●

●
●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●●●●

●●
●

●
●

●
●

●
●

●●●●●
●

● ● ● ●●●●●●●●●●●

●●●●
●

●
●

●

●

●

●

●

●

●

●●●●
●●●● ●●●●●●●●●●●● ● ●

●

●
●
●
●
●
●●●

●●●
●

●
●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●
●●●●

●●
●

●
●

●
●

●
●

●●●●●
●

● ● ● ●●●●●●●●●●●●

●●●●●
●

●

●●

●

●

●

●

●

●

●

●●●●●●●●●●●●●●●●●● ● ●

●
●
●
●
●
●
●
●●

●●●●
●

●
●

●
●●

●

●

●

●

●

●

●

●

●

●
●

●●●
●●

●●
●

●
●

●
●

●

●●●
●●

● ● ● ● ●●●●●●●●●●●●

●●●●●●
●

●

●●●

●

●

●

●

●

●

●●●●●●●●●●●●●●●●● ●

●

●
●
●
●
●
●
●
●●●

●●●●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●
●

●●●
●●

●●
●

●
●

●
●

●

●
●●●●●● ● ●●●●●●●●●●●●●

●●●●●●●
●
●●
●●

●

●

●

●

●

●

●
●●●●●●●●●●●●●●●●

●
●
●

●

●
●
●
●
●
●●

●
●●●●

●
●

●
●

●
●

●

●

●

●

●

●

●

●
●

●●
●●

●●
●
●

●
●

●
●●

●●●●●●●●●●●

●●●●●

●●●●●

●●●●●●●●
●●● ● ●

●

●

●

●

●

●

●
●●●●●●●●●●●●●●● ●

●

●

●

●

●
●
●
●●

●●

●

●●●●
●

●
●

●
●

●

●

●

●

●

●

●

●

●
●●●

●●
●●●

●
●

●
●

●●●●●●●●●●

●●●
●●●●●●●●●

●●●●●●●●●●● ● ● ●
●

●

●

●

●

●

●

●
●●●●●●●●●●●●●● ●

●

●

●
●
●●

●●
●

●

●

●
●●●●

●
●

●
●

●
●

●

●

●

●

●

●

●
●●●

●●
●●

●
●
●
●●●

●●●●●●●

●
●●●●●●●●●●●●●

●●●●●●●●●●● ● ● ●
●

●

●

●

●

●

●

●

●●
●●●●●●●●●●●●●

●

●
●●●
●●
●●

●

●

●

●
●●●●

●
●

●
●

●

●

●

●

●

●

●

●
●
●●

●●
●●

●●●●●
●●

●●●●

● ● ●

●

●●●●
●

●●●●●●●

●●●●●●●●●● ● ● ● ●
●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●●

●

●

●

●
●●●●●●

●

●

●

●
●●●●●

●
●

●
●

●

●

●

●

●

●

●
●
●●●

●●
●●●●●●

●●
●●

●

●
●●●●

●●●●●●●
●

●●●●

●●●●●●●●●● ● ● ● ● ●

●

●

●

●

●

●

●

●

●

●

●
●
●
●

●●●●●●

●

●

●

●

●
●

●
●●

●●

●

●

●

●
●●●●●●

●
●

●
●

●

●

●

●

●

●
●
●●●

●●
●●

●●●●
●

●
●

●

●

●●
●

●
●

●
●

●●●●●●●

●●●

●●●●●●●●●● ● ● ● ●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●
●
●
●
●
●

●

●

●

●

●

●
●

●
●

●
●●

●

●

●

●
●

●●●●●
●

●
●

●

●

●

●

●

●
●

●
●●●

●●
●●

●●●
●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●●●●●
●

●●

●●●●●●●●●● ● ● ● ●

●

●

●

●

●

●

●

●

●

●
●

●
●
●
●
●
●
●
●

●

●

●

●

●

●

●
●

●
●

●
●

●●

●

●

●

●
●●●●●●

●
●

●

●

●

●

●

●
●

●
●●●

●●
●●

●● ●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●●●●●
●

●

●●●●●●●●●● ● ● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●
●
●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●●

●

●

●
●●●●●●

●
●

●

●

●

●

●

●
●

●
●●

●●
●●

●●● ●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●●●●●

●

●

●●●●●●●●● ● ●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●

●

●

●

●
●●●●●

●

●

●

●

●

●

●

●
●

●●
●●●

●●
●● ●

●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●●●●

●●
●

●●●●●●● ●

●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●●

●

●

●
●●●●

●
●

●

●

●

●

●

●

●
●●●●●●●

●●● ●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●●●●

●
●
●
●

●

●●

●●●

●●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●
●
●

●
●

●
●

●
●

●

●

●
●

●●●
●

●

●

●

●

●

●

●
●●●●●●●●●●●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●●

●●

●
●●

●●●●
●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●
●
●●
●
●

●
●

●
●

●●

●

●

●
●●

●

●

●

●

●

●

●

●

●
●●●

●●●●

●●
●●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●
●●

●

●
●●

●●
●●

●●
●●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●
●●
●
●

●
●

●
●

●

●

●

●●
●

●

●

●

●

●

● ●

●

●●●
●

●
●●●●●●

●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●●
●●

●●
●

●●
●●

●●
●●
●●
●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●●●
●
●

●
●

●

●

●●

●

●●

●

●

●

●

●

● ●

●

●●●
●

●
●

●
●

●●●●

●
●

●

●

●

●

●

●

●

●

●
●
●
●

●
●

●
●

●●
●●

●●
●●

●●
●●

●●
●●

●
●
●

●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●
●●●●●
●
●

●
●

●

●●

●

●
●

●

●

●

●

● ●

●

●

●●
●

●
●

●
●

●
●

●
●●●

●

●

●

●

●

●

●

●

●
●
●
●●

●●
●

●
●●

●●
●●

●●

●●
●●

●●
●
●
●

●
●

●
●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●●●
●
●●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●●●

●

●

●

●

●

●

●

●
●
●●●
●●
●●

●
●

●
●●

●●
●

●●
●●

●●
●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●●●●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●●

●

●

●

●

●

●

●
●
●●●●●●●●
●
●
●
●

●
●

●
●

●●
●●

●●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●●●●●●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●

●

●

●

●

●

●
●●●●●

●
●●●●

●
●

●

●

●
●

●

●●
●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●●●●●●●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●●
●

●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●
●●

●●●
●●●●●●●●●

●

●

●

●

●●
●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●●●

●●

●●●

●

●

●
●

●

●

●

●

●
●

●

●

●

●●●
●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●
●

●●●●
●●●●●●●●●●●●

●

●●
●

●
●

●
●

●
●

●
●

●
●

●
●
●
●
●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●●

● ●●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●

●●●●
●●●●

●●●●●●●●●●

●
●

●
●

●
●

●
●

●
●

●
●
●
●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●●●

●●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●●●●
●
●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●●●
●●●

●●●●●●●●●●●●

●
●

●
●

●
●

●
●

●
●

●
●●

●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●●●●●●
●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●
●●●

●●●
●●●●●●●●●●●

●
●

●
●

●

●

●
●

●
●
●●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●●●
●

●

●

●

●

●

●

●
●

●

●

●

●●●●●●●
●
●
●

●
●

●
●

●
●
●
●

●
●

●
●

●

●

●

●
●

● ●●●●●●

●
●

●
●

●

●
●

●
●●
●●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●
●

●●

●

●

●

●

●

●

●

●

●

●
●

●●●●●●●●
●
●

●
●

●
●

●
●
●●

●
●

●
●

●
●

●

●

●
●

●
●●

●
●

●

●

●

●
●

●
●●●●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●
●

●
●

●
●

●
●
●
●●

●●
●

●
●

●

●
●

●
●

●
●

●
●

●

●

●

●
●

●
●●●●●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●●●●●●●●●
●
●
●
●

●
●
●
●
●●

●●
●

●
●

●

●

●

●
●

●

●●●

●
● ●

●●

● ●●●

●● ●●●●

● ●

●
● ●

●

●● ●
●● ● ●

● ●●●●●
●●●●●●●●●●
●● ●● ● ● ●

● ●
●●

● ● ●
●

● ●● ●
●●

● ● ● ●
● ●

●● ● ● ● ●● ● ●

● ● ●●●● ●● ● ● ● ● ● ● ● ●●

● ● ●● ● ●●
●
● ●

●●●●
● ● ●●

●● ●

● ●
●● ● ● ●

●
●
●● ●

● ●
●●●●●●●

●● ● ●
● ●

●

●●●●●● ● ●

● ●
● ●●

●
●
●
●●

●

●

●

●

●
●

●
●●
●

● ●
●

●

● ●●●●
● ●●

●

●
● ●

●●
●
●

●

●● ● ● ● ●

● ● ●●
●

●

●
● ● ●

●● ●
● ●

●●
● ● ● ● ●

● ●● ● ● ● ●
●

● ●● ●● ● ● ●● ●●● ● ●●

● ●●● ● ● ●
● ●

●
●
●

●

●
●●● ●●●●●●

● ●
●
●●
●●

● ●
●

●
●●●●●●●●●●

●●●●
● ●● ● ●●●● ● ●

● ● ● ●●
● ●

●
●●● ● ●

● ● ● ● ● ● ●

● ●

●● ● ● ● ● ●

● ● ● ● ● ●● ●

●● ●●● ●● ●●●
●●●●

● ● ● ● ● ●●
●

●
● ● ●

●
● ●

●
● ● ●

●
●● ●● ● ● ●● ●

●
● ●

●●●
●

● ● ● ●

● ●
●● ●●

● ●● ●

●●●●●●●●●●●
●
●●
●● ●

●●● ● ● ● ● ●

●
● ● ●

● ●

● ●● ● ●
●●● ●

●
●
●

●●
● ●

●
●●●
●●● ● ●● ●

●
●● ●

● ● ● ● ●

● ● ● ●
●●

●
● ●●

● ●
●

●
●
●

●
●●●

●● ●

●●

●

●
●

● ●● ●

● ●
● ●

●●●
●●●●
●

● ●● ●●

● ● ●
●

●
●

●
● ●

●●●●● ●
●●

●●● ●

●●●●●●
●

●●
●●

●
●
●

● ● ● ●●

●

● ● ●●
●

●
●●

●●
●

●
●
●

●●●●●
●

●

●
● ●

●●●●●●
● ●

● ● ● ●
●● ● ● ●

● ● ●●●

● ●● ●●●●●

● ● ●

● ●
● ●●

● ● ●●●●

●

●

● ●●●● ●●

●●●●●
●
●

●
● ●

●
● ●

●● ● ●● ●

● ● ● ●●●
● ● ●●

●

● ●

●

●

●
●

●●●
●●●

●

●●● ●●●

● ●

●●

●
● ●

●●●● ●

●
●

●
● ●

● ●●●
● ● ●● ●

●

● ●
●

●

●

● ●

● ●

●

●

●

● ●●●
●
●●

● ●
●

● ● ●●●

● ●
● ● ● ●

●

●●
● ●●

●

●
●●
●●●●●

●●●● ●
●

●

● ●

● ● ●
● ●●

●●
●●
● ● ●●●

●● ●
●

●
●

●
●●●
● ● ● ●

● ●●
●●

●
●

●●● ●● ● ● ●
● ●●

●
●●●

● ●

●

●
●●●●● ●

●●
●
●●●
●
●●

● ●
● ● ●

● ● ● ●
●

●●●

●
●

● ● ●
●

● ●

●● ●
●

●
●

●

●● ●●●●
●

●

●●●● ●
●

●● ●

●

●● ●● ●
●
● ●

●
●

● ●
●

● ●

●

●

●
●●●● ●

●
●

●

●●●●●

●●●
●
●

●
●●●

● ●
●

● ● ●● ● ● ●●●●● ●

●

●●

●

●
● ● ●●●●●●

●

●●● ●

●

●
●

●●●
●●

● ●
●●●
● ●● ●

●●

●
●

●
● ●

●
●

● ●●
●●

●●
● ●●●● ●

●●
●

●●
●●●

●●

● ● ●●● ●

● ●

● ●

●●
● ●●●●●●

●●

●
●

● ● ●●
●
● ●

●

●

●● ●● ●●
●

●

● ● ●

●

● ●
●

● ●
● ●

●

●●●
●

●

●●

●
●

●

●●

●

●

● ●

●

●●

●

●

● ●

●

●

●●
●
●

●●●

●

●

●
●●

●

●

●
● ●

●
●

●

●

●

●

●

●
●

●●● ●●●

●

●
●

●

●
●●

●
●

●

●
●

●

●●
●

● ●

●●
●

● ●
●

● ●●

●

●● ●

●

●

●●●● ●

● ● ●●

● ●
●

●
●

●
●●

●

●

●
●

●

●● ●

●

● ●
●●

●
●

●

●

●●

●

●

●
●●

●

●

● ●

●

●
●

●
●

●

●●

●
●

●

●

●

●

●●
●

●

●

●

●
●

●●●
●

●

●
●

●

●

●

●
●
●

●

●

● ●
●●●
●
●
●

● ●

●

●

●

●

●●

●

●●●● ●
●●●

●●●●
● ●●● ●

● ● ●●●
●

●
●

● ●
●

●

●

●
● ●

● ●

●

●
●●●●

●

●

●●
●

● ● ●
●●

● ●
● ●

●
●
●●●
●
●
●●

●●●●●

●● ● ●
●

●
●●
●● ● ● ●

● ●
●

●
●

●

●
●

● ●●

● ●●●●●● ●● ●
●

●

●
● ●

●●
●●●● ●

●

● ●

●●
●

●

●

●

●

●

●

●
● ●

●
●

●

●
●

●
●

●

●

●

●

●●●
●●

●●

●

● ●
●●
●●

●

●
●

● ●
●

● ● ●
●

●

●

●

●

●
●

●●
●

● ●●●●
●● ● ●●

● ●
● ●● ●

●

●
●

●●●

● ●
●

● ●

●

●●
●●

●●

●
●●

●●

●●●

●●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
● ●●●●

●

●

●●●●●
●

●

●

●●●

●
●●

●

●

●
●

●

●

●

●●

● ●●

● ●●●●

●

●

●●●●●●●●
●●●●●

●
●

●●

●

●

●

●
●

● ●●
●

●●

●

●

●●

●●
●●

●

● ●●●●

●●

●

●

●
●●

● ●
●

● ●●

●

● ●●

● ●
●

●

●

●

●

●
●

●●●●●●
●

●

●

●●

●

● ●

●

●●●

●

●

● ●

●●

●●

●

●

●●
●

●

●

●

●

●●

● ● ●●
●

●

● ●

●

●

●●

● ●
●

●

●

●

●

●●

●
●●

●

●
●●
● ● ●●

●

●

●

●●

●
●

●

●●●
●

●
●

●

●

●

●

●

●

● ●

●● ●●
● ●

●●
●●●

●
●

●●
●

●
●●●

●●●●●●
●● ● ●

●●●● ●●●
●

●●

● ●

●
●

●●●●●

●
●

●

●●

● ●

●
●
●

●●
●

●

●

●
●

●
●

●
● ● ●

● ●
● ●

●
●

●●
●
●●

● ●● ●
●
●

●●

●
●

●
●

●● ●● ●●●
●
●●●●●●●

●● ●

●●

●
●

●

●

●

● ●●
●●●●●●

●
●

●

●
●

●●
● ●

●

●●

●

●

●● ●

●

●●●

●

●

●

●

●
●●

●

●●

●●●●

●

●●

●

●

●
●●

●

● ●
●

●●●
●

●

●

● ●●●●●

●

●
●● ●

●
●● ●

●

●

●

● ●

● ●

●●
●
●

● ●● ●● ●

●

●

●

●

●
●

●
●●● ●

●
●
●●
● ●

●

●

●

● ●

● ●
●
● ●●

●●
●● ●

●●●●●●
●●●●●●●●

●
●●●●
●●●●●

●
● ●●

●

●

●●●● ●
●●
● ●●

●

●

●
●●●●●●●●●●●●

●●●●
●●● ● ●●

●

● ●

●

●

●
● ●●●

●
● ● ●●

● ●

●
●

● ●

●●● ●
●●

●
●
●

●●● ● ●
●● ●●

●● ●●● ● ●

●●
●●

●

●

●●
●

● ● ●
● ● ●

● ●

●●

●
● ●

●

● ●●

●

● ●●
●
●●●●

● ●● ●
●

● ●

●

●

●

●

●

● ●●●●
●●●●●●

●
●●●●●●●●●●
●
●●●
●
●●
●●●●●●
●●●●●●●

●
● ●

● ●

●●

●●
●

●
●

●
●

●●
● ● ●

● ●
● ●

●●

●

●●
●

●

●●
●

● ●

● ● ●

●
●

●●

●

●

●

● ●●

●

●

●

●●

●

●

●

●
● ●

●

●●●

●●

●●
●●

●
●●●●

●

●
●●

●
● ●

●

● ●●

●

● ●●

●●
● ●●●●●

●
●
●●
●●
●●●●●●●●

●
●

●●
●

●
● ●

● ● ●
●●

● ●

● ●

●
●●

● ●
●● ●

●
●

●

● ●

●● ● ●
●
● ●

●●
●
●● ●

●

●

● ●

●
●

●

● ●
●●

●●
●●
●●●
●●●●

●

●

●

●

●

●

● ●
●●

●
●
●●●
●● ●●

●
●

●

●

●

●

●
●

●
●

●●
●●
●●●●
●
●●●●● ●●●● ●●●

● ●
●

●●● ●

●

●

●

●

●

●

●
●● ●●

●
●

●

●

●
●

● ●
●

● ●●●
● ●

●●●●
●
●

● ●●

●

●
●

●

●●
●

●
●●

●

●

●

●

●
●

●●

●
●

●
●

●● ●
●
●●●
●●●

●●● ● ●
●

●

●

●

●

●

●●

●●●●
●●
●●
●●●●●

●●
●

●

●

●

●

●

●● ● ●
● ●●●

●●●●● ●●
●● ●

● ● ●

●

●

●

●

●●●
●● ●● ●●

● ●
●

●

●
●

●●
● ●

●●●●●
●

●
●●●

●●

●

●

●●●●
●

●

●

●

●

●

●

●

●

●

●

●
●●●

●

●
●●●●●●●●

●●●
●
●●● ●

●●

●●●
●

●● ●

●

●
●

●●
●
●
●
●●●●

●

●
●

●●
●●

●
● ●

●●●●

● ●

●

●●

● ●

●
●● ●

●
●
●

●● ●
●●

●
● ●

●

●
● ●●

●

●●

●
●
●●●

● ●●

●●
●

●

●
●

●

●●

● ●

●

●

●

●
●●

●

●●●

●●
●
●

●
●
●

●● ●

●●

●

●
●

●

●●
● ●

●●

●

●●

●
● ●●

● ● ●

●

● ●
●

●

●
●

● ●

●

●
●●

● ●

●

●●

●●●●●●●●
●●

●●

● ●
●

●●

●●
●

●
●●

●

● ●
●●

●●●

●●

●

● ●
●●

●

●

●

●●

●

●

●●●●●●

● ●

●
●

●

●
● ●

● ●●
●●●●

● ●●

●

●

● ●●●
● ●

●

●● ●
●●

●●
●●

●●
●●●
●
●

●●●
●

●

●

●

● ●
●●

●●

●

●

●●

●
●
●
●
●●
●●●●

●
●

●

●

●

●
●●

●
●

● ●●

● ●

●

●
●●

●

● ●●

● ●●

●

●

●●●
●●●●●●●●

● ●
●●

● ●

●

●

●●●
●

●

●
●

●●

●●
●● ●

● ●●
●

●

●

●

● ● ●

●●

●
● ●

●●
●

● ●

●
●

●
●

●
●

●

●

●●● ● ●

●

●● ●

●
●

●●

●

●
● ●

●●

●
●

● ●
●

●

●●
● ●

●
● ●●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●
● ●

●

●

●

●
●

● ●

●●

●

●
●

●●●●●● ●●

●●

●
●●

● ●

●

●●
●
●●

●

● ●●●

●●

●●

●

● ●
●

●

●

●

●●●●

●

●●

●

●

●

● ●●
● ●

●

●●●
●

●
●● ●●●●

●
●●

●

●●●●
●●

● ● ●

●●

●●●●●
●●●●

●
●●

●●●
● ●

●

●●
●● ●

●

●●

● ●
●●

●
●

● ●

●●
●

●
●
●

●
●
●

●

●

-  A way to locate ridges 
in density field

Ozertem & Erdogmus, 2011
Chen, Genovese & Wasserman, 2014a
Chen, Genovese & Wasserman, 2014b
Vargas, Ho, Chen, Genovese  et al. (in prep)

Shirley Ho,  Planck 2014, Ferrara



New Method: SuRF
Subspace Ridge Finding
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-  A way to locate ridges 
in density field

-  Effectively find
the way of steepest 
ascent in configuration 
space 

Ozertem & Erdogmus, 2011
Chen, Genovese & Wasserman, 2014a
Chen, Genovese & Wasserman, 2014b
Vargas, Ho, Chen, Genovese  et al. (in prep)

Shirley Ho,  Planck 2014, Ferrara



New Method: SuRF
Subspace Ridge Finding
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-  A way to locate ridges 
in density field

-  Effectively find
the way of steepest 
ascent in configuration 
space 

-  Good at high density
region.  

Ozertem & Erdogmus, 2011
Chen, Genovese & Wasserman, 2014a
Chen, Genovese & Wasserman, 2014b
Vargas, Ho, Chen, Genovese  et al. (in prep)

Shirley Ho,  Planck 2014, Ferrara



cos(✓) =< v̂true · v̂pre >

Combining the standard and new 

• Since the SuRF method is good at high density 
region, but not so good at low density region. 

• We combine the standard reconstruction method 
with the new method by weighting the two methods 
to optimize the “similarity” between the predicted 
trajectory and the true trajectory of the particles. 

• Important as velocity field by itself is a useful probe 
of the potential of the Universe. Eg. kSZ effect 
when combined with CMB. 
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Density
Combined Reconstruction
Standard Reconstruction

Preliminary results: 
Inner Product between True and Predicted velocities
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Combined Reconstruction
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Conclusion

• BAO has come of age, we can make 1% distance 
measurement using BAO at multiple redshifts

• This allows us to make quantitative statement of 
our cosmology AND

• There are many interesting fronts that we can 
improve upon: 
–Making better predictions of the non-linear Universe 
–Making better measurement of the Universe OR 

Making better predictions of the velocity field of the 
Universe

Shirley Ho,  Planck 2014, Ferrara


