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Introduction

1.1

Purpose

This document describes the high-level concepts and mathematical algorithms used in the
Herschel Scientific Mission Planning System (SMPS). It complements the low-level
design description of packages and classes provided by the JavaDoc documentation.
1.2

Scope

The document describes the following aspects of the SMPS:
•

overall principle of operation

•

mathematical conventions and notation used

•

commanding of pointing patterns

•

tracking of moving Solar System targets

•

slew manoeuvres and slew-time estimation

•

systems of time and conversions

•

orbit and ephemeris calculations

•

graphics projections

•

computation of scheduling constraints

•

optimisation of schedules and automatic scheduling

It does not cover the structure of the software in terms of Java packages and classes. These
are described by the JavaDoc documentation.
1.3

Overview

The SMPS is a software tool for scheduling observations on the Herschel spacecraft. The
planning process starts with an empty schedule, known as a Planning Skeleton File (PSF)
[RD2], received from the Mission Operations Centre (MOC). This defines time windows
when various operations are permitted, such as commanding the instruments and
manoeuvring the spacecraft. The output from the SMPS is a Planned Observation
Sequence (POS) file and an Instrument Command Parameter (ICP) file [RD3]. These are
delivered to MOC for further processing, checking and uplink to the spacecraft.
The user (i.e. Mission Planner) starts the planning process by requesting a new
Operational Day (OD) and specifying which sub-instrument (e.g. PACS spectrometer) is
to be used. The SMPS then performs the following steps:
•

The relevant time period is read from the orbit and ephemeris files (see section 7).
These are used for calculating spatial constraints (see section 8) imposed by the
Sun, Earth, Moon, etc and for tracking Solar System Objects (SSOs) (see section
4).
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•

The Planning Skeleton File (PSF) is read for the selected OD and used to generate
a set of temporal constraints (see section 8).

•

The database is queried for all the available observation requests for the specified
sub-instrument. The final attitude of the spacecraft at the end of the preceding OD
is also retrieved, which becomes the initial attitude for the new OD.

•

The constraints for each observation are checked (see section 8) and if the
observation is schedulable for at least part of the OD, it is added to a list of
candidate observations. Hence, the user is only presented with the subset of
observations that can be scheduled on that day.

•

The system displays the candidate observations in a view of the sky (see section 9),
together with the various spatial constraints. It also displays the (initially empty)
schedule as a time-line, with the relevant temporal constraints. Details of the
candidate observations are also displayed in a scrollable list.

The user may select observations manually and place them on the time-line. The system
checks the constraints and only allows valid placements. This includes calculating the
slew time (see section 5) needed to manoeuvre the spacecraft from one observation to the
next. As observations are added to the schedule, they appear in the time-line view and the
slew-path is drawn in the sky view.
The user may request that the schedule is optimised, for example to minimise slew time
(see section 10). The system can also select observations and generate a schedule
automatically1 (see section 10), retaining any manually scheduled items if required. The
planner may manually edit the resulting schedule. This first stage of scheduling results in a
draft schedule that assigns particular observations to a given start time.
The second stage of scheduling generates the POS and ICP files. When the mission
planner is satisfied with the draft schedule and it has been approved by the Project
Scientist Team, the system expands each observation in the draft schedule into a sequence
of pointing commands (see section 3) and instrument telecommands. When the target of
an observation is a Solar System Object, such as a comet, asteroid or planetary moon, the
ephemerides are used to fit a polynomial describing the time-varying offset that must be
applied to the pointing (see section 4).
The schedule and its associated observations and telecommands are written to the
database, allowing downlinked telemetry and derived products to be associated with the
commands that gave rise to them.
1.4

Reference Documents

RD1

“ICD: Herschel Spacecraft / Instrument Alignment Interface”, DMS# PT-HMOCFD-ICD-2111-OPS-GFT, HGS# HGS-ICD-026, issue 1.3, 7 February 2006.

RD2

P.A.Mahr, “Planning Skeleton File ICD”, DMS document PT-CMOC-FD-ICD2104-OPS-GFT, HGS# HGS-ICD-017, ESOC, issue 1.5, 4 August 2008.

1

Not yet implemented
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RD3

J.Brumfitt, “Herschel Planned Observation Sequence (POS) Interface Control
Document”, HERSCHEL-HSC-ICD-0377, HGS# HGS-ICD-024, ESTEC, issue
2.0, 26 February 2010.

RD4

J.Brumfitt, “Herschel Mission Planning System Design – Pointing Modes”,
HERSCHEL-HSC-DOC-624, issue 2.4, 1 October 2007.

RD5

“Herschel-Planck ACMS, ACMS Telecommand Definition”, H-P-4-DS-TN-024,
issue 5 revision 1, Dutch Space, 9 October 2008.

RD6

“Herschel-Planck ACMS, ACMS User Manual”, H-P-4-DS-MA-001, issue 5.0,
Dutch Space, 5 June 2009.

RD7

“Herschel RWS Controller: Requirements Specification of the RWS Controller”,
H-P-4-ANA-SP-001, issue 3.5, Dutch Space, 12 January 2007.

RD8

“Herschel-Planck ACMS, Design Report”, H-P-4-DS-TN-011, issue 6, revision 1,
Dutch Space, 31 January 2007.

RD9

“Herschel-Planck ACMS, ACC ASW Requirements Specification”, H-P-4-DS-SP018, issue 4, revision 0, Dutch Space, 30 August 2005.

RD10 S.Kirkpatrick, C.D.Gelatt, M.P.Vecchi", "Optimisation by simulated annealing",
Science, vol 220, pp 671-680, May 1983.
RD11 L.Davis, “Genetic Algorithms and Simulated Annealing”, Pitman, London, 1987.
RD12 J.Brumfitt, “Attitude Error from Representing Quaternions with Finite Precision”,
Herschel technical note HSCDT-TN064, issue 0.1, 7 July 2006.
RD13 “Orbit Data Messages”, CCSDS Blue Book CCSDS 502.0-B-1, Consultative
Committee for Space Data Systems, September 2004.
RD14 “Time Code Formats”, CCSDS Blue Book CCSDS 301.0-B-3, Consultative
Committee for Space Data Systems, January 2002.
RD15 P.K.Seidelmann (ed.), "Explanatory Supplement to the Astronomical Almanac", pp
42, University Science Books, 1992.
RD16 “Horizons User Manual”, version 3.12, JPL California Institute of Technology,
January 2005.
RD17 “Standardisation of the units and origins of coordinate times used in astronomy:
Geocentric Coordinate Time (TCG) and Barycentric Coordinate Time (TCB)”,
IAU(1991) Recommendation III, International Astronomical Union, 1991.
RD18 “Solar System Object Ephemerides File ICD”, HERSCHEL-HSC-ICD-0566, issue
1.0, ESTEC, 13 February 2007.
RD19 “IAU 2006 Resolution B3: Re-definition of Barycentric Dynamical Time TDB”,
International Astronomical Union, 2006.
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Applicable Documents

AD1

“Herschel/Planck Orbit Data and Access Software ICD”, HGS-ICD-020/HGSICD-027, issue 1.1, 2 May 2007.

AD2

“Herschel/Planck Attitude Constraint Checker ICD”, PT-CMOC-FD-ICD-2114OPS-GFT, issue 2.1, 17 May 2010.

1.6

Acronyms List

ACA

Attitude Control Axes

ACMS

Attitude Control and Measurement System

CCSDS

Consultative Committee on Space Data Systems

CUC

CCSDS Unsegmented time Code

DCM

Direction Cosine Matrix

DEC

Declination

DTCP

Daily Telecommunications Period

ECEF

Earth-Centered Earth-Fixed

EME2000 Earth Mean Equator and equinox at epoch J2000
FDS

Flight Dynamics System

GAST

Greenwich Apparent Sidereal Time

GMST

Greenwich Mean Sidereal Time

GUI

Graphical User Interface

HCSS

Herschel Common Science System

HSC

Herschel Science Centre

HSPOT

Herschel SPOT

HP

Herschel-Planck

IB

Instrument Boresight

ICD

Interface Control Document

ICP

Instrument Command Parameter

ICPF

Instrument Command Parameter File

ICRF

International Celestial Reference Frame

I/O

Input/Output

JD

Julian Date

JPL

Jet Propulsion Laboratory

LREQ

Line-scan pointing Request

LSR

Local Standard of Rest
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Light Travel Time

MGA

Medium Gain Antenna

MJD

Modified Julian Date

MOC

Mission Operations Centre

MPS

Mission Planning System

N/A

Not Applicable

OBDB

On-Board Database

OD

Operational Day

OEM

Orbit Ephemeris Message

POS

Planned Observation Sequence

POS

Position angle

PREQ

(Fine) Pointing Request

PSF

Planning Skeleton File

RA

Right Ascension

RREQ

Raster pointing Request

SAA

Solar Aspect Angle

SC

Spacecraft

SI

Système International d'unités

SIAM

Spacecraft/Instrument Alignment Matrix

SLERP

Spherical Linear Interpolation

SMPS

Scientific Mission Planning System

SPOT

Spitzer Planning Observations Tool

SSB

Solar System Barycentre

SSO

Solar System Object

TAI

Temps Atomique International

TBC

To Be Confirmed

TBD

To Be Decided

TCB

Barycentric Coordinate Time

TDB

Barycentric Dynamical Time

TT

Terrestrial Time

UT

Universal Time

UTC

Coordinated Universal Time
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World Geodetic System
Mathematical Symbols

arg(Q )

Rotation angle of quaternion Q

atan2 y , x 

4 quadrant arctangent with range [-π, π]



Sun angle about spacecraft X axis (see section 2.11)



Right ascension angle



Sun angle about spacecraft Y axis (see section 2.11)

δ

Declination angle



Position angle

M

Matrix

MT

Matrix transpose

Q

Quaternion

Q*

Quaternion conjugate

A

R

Rotation in frame A

A
B

R

Rotation of frame B with respect to frame A

A

v

Vector v expressed in frame A

v

Unit vector

[x , y , z , w]

Quaternion xi + yj + zk + w

w , v 

Quaternion with scalar part w and vector part v

a , b 

Open interval {x | ax b}

[a , b ]

Closed interval {x | a≤x ≤b}

[a , b 

Half-open interval {x | a≤x b}

⌊ x⌋

Largest integer n, such that x ≥n

⌈ x⌉

Smallest integer n, such that x ≤n

∣ x∣

Absolute value or norm of x

∥x∥

L2 (Euclidean) norm of x

a×b

Cross product

a⋅b

Scalar (dot) product
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Coordinates and Attitudes
Summary

This section introduces the coordinate systems used in this document as well as the
representations of attitudes and rotations. It also summarises the related conventions and
notations.
2.2

Coordinate Systems

All coordinate systems are assumed to be right-handed, with rotations in the
mathematically positive sense (i.e. clockwise when looking along the axis away from the
origin) unless otherwise stated.
Specific coordinate systems are described below.
2.3

Spacecraft Coordinates

The spacecraft Attitude Control Axes (ACA) form a right-handed orthogonal system. This
frame is used by the Attitude Control and Measurement System (ACMS) for attitude
determination and control. Telecommands to manoeuvre the spacecraft (e.g. pointing
commands) are expressed in ACA coordinates.
The ACA axes are shown in figure 2.1. The +X axis corresponds with the nominal
telescope boresight direction. The +Z axis is nominally perpendicular to the Solar panel
(pointing towards the Sun). See [RD1] for further details.

X
Y

Z

Figure 2.1: Spacecraft axes
2.4

Celestial Coordinates

Celestial coordinates and spacecraft attitudes are expressed with respect to the inertial
Earth Mean Equatorial reference system of J2000 (EME2000), which is also known as the
J2000 inertial system.

HSC
Development

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
14

EME2000 is offset by only a small amount (< 0.1 arc-seconds) from the International
Celestial Reference Frame (ICRF), so the two may be considered equivalent for practical
purposes2.
Celestial coordinates are expressed as Right Ascension  and Declination  angles with
respect to the EME2000 frame. They may also be expressed in Cartesian coordinates as a
unit vector  x , y , z  . The two representations are related by:
x = cos  cos
y = sin cos 
z = sin 

(2-1)

The symbol  is also used for the roll angle with respect to the Sun (see section 2.11).
Where there is any ambiguity, the symbols RA and DEC are used for right ascension and
declination.
2.5

Position Angle

The position angle ρ of the spacecraft is defined as the rotation between the ACA X-Z
plane and the plane defined by the ACA X-axis and celestial North (declination = 90
degrees). The position angle increases in an anticlockwise direction about the positive Xaxis. Position angles may also be used to specify the orientation of an extended target or
raster map on the sky, measured anticlockwise from North.
Position angles are mainly used for specifying the orientation of rasters and scans in a
form that is easily understood by the user. Although spacecraft attitudes can be specified
as a right ascension, declination and position angle, this is generally avoided as it leads to
problems with singularities (see section 2.7).
2.6

Spacecraft Attitude

Spacecraft three-axis attitudes are described as rotations of the spacecraft ACA frame with
respect to the inertial equatorial (EME2000) reference frame. Using the notation of section
2.8, this can be written as:
EQ
ACA

R

This rotation may be represented in a number of different ways, including:

2

•

Right ascension, declination and position angles (α ,δ ,ρ) : These are in fact just
body-centred Euler angles about the (Z,-Y,-X) axes. The minus signs occur
because declination is measured anticlockwise about the Y axis and position angle
is measured anticlockwise about the X axis. However, working directly with angles
is inefficient as it requires the use of trigonometric functions. It also suffers from
problems of singularities at the poles (see section 2.7).

•

Direction Cosine Matrices (DCM): 3x3 rotation matrices allow efficient
computations, since multiplication by other matrices and vectors may be
implemented using only primitive addition and multiplication operations. They
http://hpiers.obspm.fr/icrs-pc
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also do not suffer from singularities at the poles. However, a 3x3 matrix can
represent not only rotation, but also shearing, scaling and reflection. Consequently,
it may be necessary to orthonormalise a matrix to ensure that it is a pure rotation.
•

Quaternions (see section 2.9): These represent a rotation as 4 variables and so are a
more compact representation than a 3x3 matrix. They do not suffer from
singularities and computations are very efficient. Multiplication of quaternions and
rotation of vectors may be implemented using only primitive addition and
multiplication operations.

The HCSS software provides Java classes for each of the above attitude representations,
with methods to convert between them. The Quaternion class provides optimised methods
for common quaternion operations.
The SMPS uses quaternions to represent attitudes and other rotations internally and
vectors to represent celestial coordinates. Right ascension, declination and position angle
are needed for some user interaction, because they can be related directly to the position of
a target and the orientation of a raster or scan map.
Note that the same attitude is reached by rotating through an angle of either ϕ or ( 360−ϕ )
about a given axis vector. However, these are different rotations when expressed as
quaternions, with one being negated with respect to the other. The ambiguity can be
removed by normalising the quaternion signs by negating all 4 components if the scalar
component is negative.
2.7

Attitude Singularities

The triple of right ascension, declination and position angles (α ,δ ,ρ) specifies the
attitude of the spacecraft as (Z,-Y,-X) body-centred Euler angles.
Euler angle representations result in singularities when one of the rotations causes two of
the axes to coincide. In this case, it occurs at the celestial poles (i.e. declination of ±90
degrees) because the X axis coincides with the Z axis. The right ascension and position
angles are both discontinuous at the poles. A rotation of even an arc-second, such that the
X axis moves through a pole, results in both the right ascension and position angles
suddenly changing by 180 degrees.
Conversely, if the spacecraft attitude is represented by these angles and a small adjustment
is made to the pointing direction (α ,δ) , without taking the position angle into account,
the attitude can change by 180 degrees! In general, it is best to restrict the use of this
representation to input and output, in cases where position angles are needed.
Computations with attitudes should be done using quaternions or matrices.
Despite the singularities, the three-axis attitude of the spacecraft remains well-defined on
the whole celestial sphere by the triple (α ,δ ,ρ) , even though there is a many-to-one
mapping of this triple onto attitudes at the poles. Attitudes may be safely represented as
triples provided that certain precautions are taken when rounding the values, as discussed
below.
The many-to-one mapping is such that at the North pole, triples with the same difference
(α−ρ) are equivalent, whereas at the South pole those with the same sum (α+ρ) are
equivalent:
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(α , 900 ,ρ)
0

(α ,−90 ,ρ)

(2-2)

When converting a quaternion or rotation matrix to an angle triple at a singularity, it is
necessary to arbitrarily choose one of equivalent representations. Convenient choices are
to set either the right ascension or position angle to zero at the poles (see section 12.4).
When formatting a triple for output, it is is typically necessary to round the values to the
required number of decimal places. It is also possible to uses a canonical form for
representing attitudes at the poles, such that either the right ascension or position angle is
zero. If this is done, it is important to round the declination first and then only perform the
normalisation if the rounded declination is exactly 90 degrees. Otherwise, an invalid
attitude may result.
2.8

Rotations

This section discusses abstract rotations which may, for example, be represented by
quaternions, direction cosine matrices or Euler angles.
Rotations are used extensively in this document to describe spacecraft attitudes, slew
manoeuvres, pointing patterns, target orientations and transformations between coordinate
frames. It is therefore important to use a consistent notation and conventions. Particular
attention must be paid to whether rotations are active or passive and in which coordinate
frame they apply.
The following denotes a vector v expressed in frame B:
B

v

The following denotes the rotation of frame B with respect to frame A:
A
B

Rc

The post-subscript c is simply a label that can be used to refer to the rotation. The presubscripts and pre-superscripts may be omitted when the frames are clear from the
context.
This rotation may represent a passive transformation of a vector from frame B to frame A:
A

v =AB R B v

or an active rotation of a vector in frame A:
A

v ' = AB R A v

An active rotation is simply the inverse of the corresponding passive rotation:
A
B

R =BA R−1
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A passive transformation expresses a given physical vector in a different coordinate
system. For example, the position vector of a star is transformed from equatorial to ecliptic
coordinates. Passive rotations are frame-centred. That is, each successive transformation is
applied with respect to the coordinate frame resulting from the previous transformation.
An active rotation rotates a vector with respect to a fixed coordinate system. For example,
the telescope boresight vector is physically rotated with respect to the equatorial frame.
Active rotations are body-centred. That is, each successive rotation is applied with respect
to the body frame resulting from the previous rotation.
A sequence of passive rotations are applied from right to left:
C
B

R 2 BA R1 A v =
=

C
B
C

R2 B v
v

If this sequence of rotations is inverted to make an active rotation, the order is effectively
reversed so that the rotations are applied left to right:
 CB R2 BA R1 −1 A v =
=

C −1 A
 BA R−1
1 B R2  v
 BA R1 CB R2  A v

Composition of rotations is associative (but not commutative):

 R 1 R 2  R3 = R 1  R 2 R 3 
A rotation B R 2 , expressed in frame B, may be transformed into an equivalent rotation
expressed in frame A, as follows:
A

R 2 = AB R1 B R 2 AB R−1 1

(2-3)

The effect of applying this combined rotation to a vector A v is to first transform the vector
from frame A to frame B, then apply the rotation R 2 in frame B and finally transform the
result back to frame A:
A

2.9

R2 A v =
=
=
=
=

A
 BA R 1 B R2 AB R−1
1  v
A
 BA R 1  B R2  AB R−1
v 
1
A
B
B
 B R 1  R2 v 
 BA R 1 B v ' 
A '
v

Quaternions

Quaternions are extensively used within this document and the software. As discussed
above, they allow very efficient computation with rotations and avoid problems with
singularities. This section summarises their key properties and the notation used.
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A quaternion is a hypercomplex number of the form:
(2-4)

Q = w+ x i+ y j+ z k

where
i 2 = j 2 = k 2 = i j k = −1

(2-5)

Multiplication of the basis quaternions i, j, k is associative but not commutative.
Quaternions may be denoted by a 4-tuple, as follows3:

[ x , y , z , w] ≡ w x i y jz k
They may also be expressed as the sum of a scalar and a vector:

Q = w v where v = x i y j z k
This is sometimes denoted by a scalar/vector pair as follows:
 w , v  ≡ w v where v = x i y j z k
The L2 norm of a quaternion is:
∥Q∥ = √ x +y +z +w
2

2

2

2

The conjugate Q* of a quaternion is:
Q* = w− x i− y j −z k
The inverse of a quaternion is:
−1

Q

*

=

Q
∥Q∥

A unit quaternion has an L2 norm of 1, so the inverse is equal to the conjugate.
There are several kinds of quaternion product. The most useful is the Hamilton product
(also known as the Grassman product), which corresponds to composition of rotations as
described in section 2.8. This is denoted by concatenation of two quaternions:
 w1, v 1 w 2, v 2  = w1 w 2− v1⋅v 2w 1 v 2w 2 v 1 v 1×v 2

(2-6)

This product is non-commutative, associative and distributive.
Composition of quaternions follows from the associativity of multiplication:

Q 2 Q1 v Q−1 1 Q−2 1=Q 2 Q 1  v Q 2 Q 1 −1
3

Note the order, since some authors use [w

(2-7)
, x , y , z] .
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A unit quaternion can be used to represent a rotation by angle  about a unit vector n :
Q=cos







, n sin  =[ n x sin , n y sin , n z sin , cos ]
2
2
2
2
2
2

A rotation angle of 2 π is represented by the quaternion Q = − 1 . Hence, a rotation of 4 π
is needed to to return to Q = + 1 . Rotations can be normalized to the range [ 0, 2 π ] by
negating all four components when the scalar part is negative.
An active rotation of a vector v by Q is performed by:
0, A v '  =

A
B

Q 0, A v  ABQ−1

This may be written more simply as:
v = AB Q A v ABQ−1

A '

(2-8)

A passive transformation expresses the vector v in a coordinate system rotated by Q:
B

v =
=

B
A
A
B

Q A v BAQ−1
Q−1 A v ABQ

(2-9)

2.10 Pattern Coordinates
The telescope performs various pointing patterns, such as rasters and line-scans, to map
areas of the sky. The user specifies the orientation of the map by the boresight coordinates
(RA, DEC) of a reference point (e.g. the centre of the map) and a rotation angle about this
point.
The rotation angle may be specified in one of two ways:
•

The rotation is specified relative to the boresight axes and increases as the pattern
rotates anticlockwise on the sky. In this case, the orientation of the pattern on the
sky depends on the time at which the observation is performed.

•

The rotation is expressed as a position angle measured anticlockwise from North.
In this case, the orientation of the pattern on the sky is fixed.

If the observer specifies the pattern orientation as a position angle, this is converted to an
equivalent angle relative to the spacecraft for the time at which the observation is
scheduled4. Hence, irrespective of how the observer specifies the pattern angle, the pattern
is always performed with respect to a fixed inertial frame (except for Solar System targets
where it is performed with respect to a tracking frame).
The image plane seen looking at the sky has two axes, Z and Y, which are the projections
of the instrument boresight Z and Y axis onto the sky. (Z, Y, -X) form a right-handed
This is currently calculated using for a point in time half way between the start and end of the
observation.
4
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coordinate system with the -X axis coming out of the plane towards the observer.
Rotations in the image plane are measured clockwise about the -X axis, with respect to the
Z axis. This is consistent with the definition of position angle, which increases
anticlockwise about the +X axis.
2.11 Sun Angles
The orientation of the spacecraft with respect to the Sun is specified by a pair of angles 
and  :
•

 is the roll angle between the Sun vector projected onto the YZ plane and the Z
axis. It increases as the spacecraft rotates clockwise about its X axis.

•

 is the pitch angle between the Sun vector projected onto the XZ plane and the Z
axis. It increases as the spacecraft rotates clockwise about its Y axis (i.e. as the
telescope points further away from the Sun).

The solar panel of Herschel is nominally positioned to face the Sun, so as to generate
sufficient power and to shield the payload from the Sun. These thermal and power
considerations place the following constraints5 on the allowable values of  and  :
o

o

−3 ≤ α ≤ 3
o
o
−30 ≤ β ≤ 30

Thermoelastic effects cause small pointing errors as different parts of the spacecraft are
heated by the Sun. To minimise these effects it is desirable to operate within the following
range of  angles where possible:
o

−30 ≤ β ≤ 20

o

The  and  angles can be calculated for a spacecraft attitude quaternion Q, by first
transforming the Sun vector s into spacecraft coordinates:
v=Q−1 s Q

Then the angles can be calculated from:
α = atan2 (v y , v z )

(2-10)

β = atan2(−v x , v z )

where atan2  y , x  is the 4-quadrant arctangent function with range [− ,  ] .
The  angle can be calculated for a given attitude quaternion Q and Sun vector s :
α(Q , s)=atan2( v y , v z ) , where v=Q

−1

sQ

(2-11)

These are nominal values for the spacecraft operational domain. The actual limits used are slightly
more restrictive.
5
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An alternative way to specify the Sun angles is to use the roll angle  and the Solar Aspect
Angle (SAA) γ . The latter is the angle between the +X axis and the Sun vector:
cos  = x ⋅s = vx

This angle increases from zero, when the +X axis is in the Sun direction to 180° in the
anti-Sun direction. Note that some documents use a different definition of SAA,
equivalent to (1800 −γ) , such that SAA is zero when the +X axis is in the anti-Sun
direction.
Using equation (2-10), γ can be expressed in terms of the  and  angles:
cos  =

−tan 

 1tan 2 tan 2 

(2-12)

In normal operation ∣α∣ is small ( <3o ), hence:
γ ≈ β+

π
2

Conversely,  can be obtained from  and  :

β = tan

−1

(

tan ( γ− π )
2
cos α

)

(2-13)
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Pointings

3.1

Introduction

The Herschel spacecraft was designed to support three basic pointing modes:
•
•
•

fine pointing (PREQ)
raster map with optional OFF position (RREQ)
line scan with optional OFF position (LREQ)

These are implemented on-board the spacecraft, each being initiated by a single
telecommand [RD5]. Nodding and position-switching are simply special cases of a raster
pointing with two points per raster line and a raster line spacing of zero.
It was subsequently found that a number of additional pointing modes were required to
meet the scientific needs of the project. These composite modes are implemented in the
SMPS, each being constructed from a sequence of basic pointing commands.
For example, nodding-in-raster is a composite mode in which nodding is performed at
each point of a raster. This mode is constructed by issuing a separate pointing command
for each of the raster points. Each of these sub-pointings is a two-point nodding pattern.
The nodding patterns are implemented as a sequence of two-point rasters to allow periodic
pauses for calibration.
Details of all the available pointing modes can be found in the MPS Pointing Modes
document [RD4].
3.2

Spacecraft Commanding

The spacecraft is commanded by a sequence of pointing telecommands, each of which
includes the slew from the previous spacecraft attitude.
Occasionally, it is necessary to perform just a slew, for example as part of a multi-leg slew
around a constraint or as the final slew after the last observation of an OD. This can be
achieved by requesting a fine-pointing of zero duration.
Each pointing command specifies a number of timing parameters. The simplest case is a
fine pointing, which just specifies the slew time 'tslew' and the stable pointing duration 'tp'.
Rasters and line-scans have additional timing parameters, such as the line-to-line slew
time 'tll'.
The slew times are computed on the ground (see section 5.5) and uplinked as parameters
of the pointing telecommand. It is therefore important that the SMPS calculates the times
accurately and allows a small safety margin where appropriate.
The following notes summarise some specific aspects of the spacecraft behaviour in
response to pointing commands. Further details can be found in the ACMS User Manual
[RD6, §1.4.6].
•

For a fine pointing or raster point, the attitude will become stable as soon as the
slew manoeuvre (including settling) has completed. If the requested slew time is
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longer than the time actually required, it effectively extends the duration of the
stable pointing. The attitude remains stable throughout this extended period.
•

At the end of a fine pointing or the last point of a raster, the attitude will remain
stable until the next pointing command is given (provided that the Sun constraint is
not violated). This effectively extends the duration of the stable pointing.

•

A zero-length slew to the same attitude takes 2 seconds, including settling time.
Such a slew may result in a small attitude jitter between the two pointings. Hence,
to extend a stable pointing, it is better to wait after the pointing than to issue
another pointing command for the same attitude. Similarly, to extend the start of a
pointing, it is better to specify a longer slew time than necessary than to precede it
with another pointing command.

•

In the case of a line-scan, the slew from the previous pointing (or scan line) arrives
at a hold point (described as point 'B' in the ACMS documentation) to allow the
spacecraft to accelerate up to scanning speed by the start of the scan line. If the
requested slew time is longer than necessary, the effect is to increase the time spent
at the hold point.

•

At the end of a line-scan, the spacecraft will decelerate after the end of the last
scan line arriving at a final attitude (described as point 'E' in the ACMS
documentation). It then performs a slew back to the end of the scan line (point 'D').
The attitude will remain stable at this point until the next pointing command is
given (assuming that the Sun constraint is not violated).

•

Some of the composite line-scan pointing modes interrupt the slew back from point
'E' to point 'D', by issuing the LREQ command for the next scan line as soon as
point 'E' is reached. This avoids wasting a significant amount of time in
unnecessary slews, but results in TM(1,8) telemetry packets warning of the
interrupt.

•

In the case of SSO tracking, the above remarks still apply, except that the attitudes
are with respect to the tracking frame rather than a fixed inertial frame. For
example, after the last line of a line-scan, the spacecraft will decelerate until it is at
rest with respect to the tracking frame and then remain tracking until the next
pointing command is given.

3.3

SIAM

The instrument axes  X ib ,Y ib , Z ib form a right-handed orthogonal system which typically
has a small alignment offset with respect to the spacecraft ACA axes. In fact, each
instrument has a number of apertures, each with a different offsets. Each aperture is
identified by an Instrument Aperture Identifier, such as “H01_0” for HIFI boresight 1.
To correct for this misalignment, a Spacecraft Instrument Alignment Matrix (SIAM)
[RD1] is used. This is a passive rotation matrix that transforms ACA coordinates to
boresight coordinates, as follows:
IB

IB
v = ACA
M siam ACA v

(3-1)
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In this document, the SIAM rotation is expressed in the form of a quaternion:
IB

IB
IB −1
v = ACA
Q siam ACA v ACA
Q siam

(3-2)

If Q IB and Q ACA represent the boresight and spacecraft ACA frames, respectively, with
respect to the equatorial frame, the SIAM can be regarded as a rotation back to the
equatorial reference frame, followed by a rotation forward to the ACA frame:
IB
ACA

Q siam =Q−1
IB Q ACA

Hence, the ACA attitude to be commanded can be derived from the required boresight
attitude as follows:
Q ACA =Q IB

The quaternion
the IB frame6:
ACA
IB

IB
ACA

Q siam

ACA
IB

(3-3)

Q siam can be expressed as Euler XYZ rotations from the ACA frame to

Q siam = Q  x Q  y Q z 

Hence:
IB
ACA

3.4

Q siam = Q − z  Q − y Q − x 

(3-4)

Proper Motion

A correction is needed for the proper motion of the target. An extreme example is
Barnard's Star which has a proper motion of 10 arcseconds per year. This would require a
pointing correction of about 100 arcseconds for an observation made in the year 2010,
given an epoch of J2000.0.
The proper motion is entered into the Proposal Handling System as tangential velocity
components   and   , in right ascension and declination respectively. These are both
given in seconds of arc (not seconds of right ascension) per year.
The uncorrected J2000 position (α , δ) can be specified as a vector using equation (2-1):
v0 = [ x , y , z ]

The corrected position at a time interval τ after the J2000 epoch is:
v' = v0 + v t τ

where v t is the tangential proper motion velocity.
6

This corresponds to the example given in terms of Euler angles in the SIAM ICD [RD1].
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If   and   are expressed in radians per second, the tangential velocity for a position
vector of [ 1,0,0] is given by:
v = [0, µ α , µ δ]

Transforming this to the point (α , δ) :

[

][

][ ]

cos α −sin α 0 cosδ 0 −sin δ 0
v t = sin α cos α 0
0
1
0
µα
0
0
1 sin δ 0 cos δ µ δ

(3-5)

and hence:
v t = [−(µ α sin α+µδ cos α sin δ) , (µ α cosα−µδ sin α sin δ) , µ δ cos δ ]

(3-6)

This is well-defined even at the poles, because the right ascension of the J2000 position is
specified.
A further simplification is possible using equation (2-1):

1
2
vt = [−µα y −µδ z x , µ α x −µ δ z y , µ δ c ]
c

(3-7)

where:
c = √x +y
2

2

Using this equation, the proper motion can be evaluated with one square-root operation
and no trigonometric functions. However, using a vector for the J2000 position, the proper
motion cannot be specified when the J2000 position is exactly at a pole.
No correction for proper motion is needed for tracking Solar System Objects, as it is
already taken into account by using ephemeris data for the target.
3.5

Stellar Aberration

The apparent position of the target is affected by motion of the observer relative to the
Solar System Barycentre. This is known as stellar aberration and is independent of the
motion of the target. It is analogous to the apparent direction of the wind seen by a moving
sailing boat.
The aberration can be corrected by rotating the position vector towards the velocity vector
of the observer relative to the barycentre. The aberration angle is given by:

ϕ = arcsin∥h∥
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where the rotation axis is:
h=

where

and

r t  × ssb v sc t 
c

sc T

where r̂ =

r
∥r ∥

r

is the vector from the spacecraft to the target

ssb sc

v

is the velocity of the spacecraft relative to the barycentre

c

is the speed of light

sc T

The rotation may be performed using a quaternion as follows:
ϕ
Q SA = (cos( ) , h)
2

Hence the corrected position of the target is:
−1

sc

r ' T = Q SA ( sc r T ) Q SA

The aberration correction is performed after the proper motion correction, since the
aberration relates to the position of the target at the time of the observation.
Planetary aberration correction for non-sidereal targets is discussed in section 7.6.
3.6

Parallax

For sidereal targets, the effects of stellar parallax are very small and no correction is
considered necessary. Even for the nearest star to the Sun (Proxima Centauri) the parallax
is only 0.77 arcseconds.
For non-sidereal targets (i.e. SSOs) parallax may be significant, but is already taken into
account by using ephemeris data for the target and spacecraft for SSO tracking.
3.7

Zero-Alpha Attitude

Given a pointing vector v and Sun vector s , it is necessary to find an attitude such that the
X axis is in the direction v and the alpha angle is zero. This implies that s is in the ACA
XZ plane.
The spacecraft axes are given by:
x =v
y = s× v
z = x×y

The three unit vectors ( x̂ , ̂y , ẑ ) form the columns of a spacecraft attitude matrix which
can then be converted into an equivalent attitude quaternion Q .
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No solution exists if v is parallel to s . However, this corresponds to the Sun and anti-Sun
pointing directions which are not allowed anyway.
3.8

ZY Offsets

The Herschel pointing modes allow a ZY pointing offset to be specified, expressed in
instrument coordinates. This can be used to map a large area of the sky by performing a
sequence of observations with different offsets. The offset may be up to 5x5 degrees.
Small offsets (up to 3 arc-minutes) may also be used to centre the observation on a good
area of the detector array.
IB

The ZY offset can be expressed as a quaternion Q ZY in the instrument boresight frame,
using the transformation described in section 3.10.
3.9

Body Frame Offsets

The reference boresight position adjusted for proper motion and stellar aberration, or in
the case of an SSO for light-travel time and aberration, gives a boresight vector r . This
must be offset by the ZY offset and converted to ACA coordinates to find Q c , the attitude
of the centre of the pointing pattern (e.g. composite raster).
Q c = Q r Q off

where:
Q r ̂i Q r = r
−1

IB

Q off = Q ZY

ACA
IB

Q siam

However, the direction of the offset is initially unknown. It is necessary to solve for Q c
such that the resulting alpha angle in the ACA frame is zero given a Sun vector s .
An iterative solution is performed by finding Q r0 from r , such that it has zero alpha, using
the method of section 3.7. This is then offset by Q off and the alpha angle of Q c is
calculated.
Q c = Q r Q off
−1

α = atan2( v y , v z ) , where v =Q c s Q c

The quaternion Q r is then adjusted by this amount:
α
α
Q Δ=[sin ( ) ,0, 0,cos ( )]
2
2
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−1

Q r (n+1) = Q rn Q Δ

The iteration continues until α is less than some small value  :
∣α∣ < ϵ

Note that a solution may not exist if the offset is larger than the angle of the origin from
the Sun. This is not a problem in practice, because the offsets needed are much smaller
than the minimum Sun angle of 60°.
3.10 Pointing Geometry
This section discusses the way in which the coordinates of a raster or line-scan pattern are
mapped onto spacecraft attitudes. This should not be confused with the image geometry in
the focal plane, which depends on the telescope and instrument optics.
The coordinates of a point P on the sky can be described with respect to the spacecraft
ACA axes by a pair of angles  z ,  y  , which are the angles between the X axis and the
projection of the vector P onto the ZX and YX planes, respectively.
Note that  z and  y are translations of the boresight in the direction of the Z and Y axes
projected on the sky, respectively. Specifically,  z is a rotation about the -Y axis which
translates the boresight in the direction of the +Z axis projected on the sky. Similarly,  y is
a rotation about the +Z axis, which translates the boresight in the direction of the +Y axis.
The angle r between P and X is given by:
tan 2  r =tan 2  z tan 2  y
The X axis of the spacecraft can be rotated to point P by a rotation of r about a unit axis
vector a, such that:

a ×1,0,0  =

 0, tan  y , tan  z 
tan  r

The X axis can be assumed to be  1,0,0  , with no loss of generality, by transforming the
pattern centre to this point.
Hence a =

0,−tan  z , tan  y 
tan  r

The rotation can be described by a quaternion Q :

[

Q z ,  y  = 0,

− tan z  sin 

tan  r 

r

2

tan  y  sin 
,

tan r 

r

2

, cos 

r

2

]

(3-8)
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This describes how the coordinates  z ,  y  of a raster point are mapped onto a quaternion.
This mapping has the following properties:
•

Distances are preserved along the Z and Y axes

•

Straight lines through the origin map onto great circles

•

Raster lines and scan lines are great circles

•

Corresponding points on successive raster lines lie on great circles

The above quaternion can be written in the form:

[

Q z ,  y  = 0, − BD





1
1
 1 −C  , AD
 1−C  ,
2
2



1
 1 C 
2

]

(3-9)

where:

A=tan  y
C =cos  r =

B=tan  z
1
1 A2 B 2 

D=cot  r =

1
 A B 2 
2

which agrees with the algorithm described in the ACMS documentation [RD6, §9.5.4.3].
3.11 Raster Geometry
Consider a raster with m points per line and n lines. The attitude at raster point Qij is:
Qij =Q z ,  y 

 z=i−

(3-10)

m1 
∗d 1,
2

 y = j−

 n 1 
∗d 2
2

(3-11)

where Q z ,  y  is defined in section 3.10
d 1 is the spacing between points on a line

and

d 2 is the spacing between lines.

The first point on a line is i=1 for odd numbered lines and i=n for even lines.
Similarly, for line scans:
 z1=

−d 1
,
2

 z2=

d1
,
2

 y = j−

n1
∗d2
2

(3-12)

z1 and z2 are the start and end respectively for odd numbered lines, with even lines being
reversed.
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A line-scan pattern consists of a set of N scan lines that follow great-circles. The start and
end attitudes of the lines correspond with those of a 2 x N raster. At the start of each line
there is an acceleration-and-coast period to allow the velocity to stabilise at the scan rate
before the start of the scan line. At the end of the line there is a deceleration period for the
spacecraft to come to rest.
Further details can be found in [RD6].
3.12 Raster Distortion
For an offset  z ,  y  the distance r from the raster centre is given by:



 r =tan−1  tan2  z tan2  y 

There is no distortion of distances measured along the Z or Y axes, since:

 r = z , when  y =0
 r = y , when  z =0
The maximum linear distortion  r , which occurs when = y = z is:

  r =tan−1   2 tan  −   2
For a 4 x 4 degree raster, =2o , giving:

  r =−4.1 arcsec
Thus the maximum linear distortion in the corner of a raster is 4.1 arcseconds.
The scale distortion, when = y = z is given by:
1 d r
−1 =
2 d 
=

1 d
[tan−1   2 tan  ] −1
d

2

sin2 
1sin2 

Hence, the scale distortion in the corner of a 4x4 degree raster is:
2

o

sin  2 
x 100% = −0.12%
2
o
1 sin 2 
3.13 Selection of Roll Angle
The Sun constraint requires that the spacecraft roll angle  remains within the range ±3°.
Consequently, the observer cannot specify the spacecraft roll angle associated with an
observation, but only the coordinates and orientation of the pointing pattern. The roll angle
is calculated by the SMPS using the position of the Sun at the scheduled observation time.
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The relative position of the Sun moves very slowly, at about 1° per day. For a 21 hour
observation, this may result in a change in  of about 1° (see section 11).
The roll angle also varies with position in a map or line-scan for a given time. This is
inherent in the way that the attitudes of raster points are computed by the ACMS (see
section 3.10). The worst case variation in roll angle occurs when ∣∣ is large (i.e. ±30°).
For a raster it is up to ±1.45°, whereas for a line-scan it may be up to ±5.64° (see section
11).
Taking into account both the variation with time and the variation with position, the total
variation in roll angle throughout a raster observation could be as large as ±2°. For linescans it is even worse. This may mean that certain observations (e.g. large rasters or large
line-scans), can only be scheduled at times when the  angle is relatively small or are
restricted in orientation for larger values of ∣∣ .
For observations that use a composite pointing mode, the spacecraft is commanded by a
sequence of spacecraft pointing commands. This allows the possibility7 of making small
adjustments to the spacecraft position angle, so as to keep the roll angle within limits. For
rasters whose orientation is specified relative to the sky, corresponding small adjustments
could be made to the tilt angle  , so that the pattern orientation remains fixed. For
patterns whose orientation is specified relative to the spacecraft, there would be a small
rotation of the pattern on the sky from one spacecraft pointing to the next; this might be a
problem for repeated patterns, such as the repeated-raster-with-hold, as the raster points
would be displaced between repetitions. It would be possible to change  , in step with the
changes in position angle, to keep the pattern fixed on the sky, but then the pattern would
rotate with respect to the spacecraft from one spacecraft raster command to the next.
The selection of roll angle is further complicated by the fact that the tilt angle  must be a
multiple of 0.1°, because of the way it us encoded in the pointing telecommands. The
orientation of the pattern can be controlled more finely by making a small adjustment to
the spacecraft roll angle (in the range ±0.05°).
In the current implementation of the software,  is set to zero at the mid-time of the
pointing at the centre of the pattern (see section 3.7).
3.14 Tilt Angle
The orientation of a raster or line scan is specified by a tilt angle  in the telecommand.
This is measured clockwise about the +X axis at the centre of the pattern with respect to
the spacecraft ACA axes.
It can be expressed by the quaternion:
Q =[sin



, 0, 0, cos ]
2
2

When =0 , the first raster line or scan line is in the direction of the +Z ACA axis
projected on the sky (i.e. an anticlockwise rotation about the Y axis).
7

This is not currently implemented, but is a possibility for a future enhancement.
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The spacecraft attitude at raster point i , j is given by:
Q t=Qc Q Q ij Q−1


(3-13)

where Q c is the attitude at the pattern centre
Qij is the offset of raster point i , j (see section 3.11).

and

When the observer specifies the pattern orientation as a position angle patt, the tilt angle is
given by:
 ≡  ACA − patt N  mod 2  

(3-14)

where  is the position angle of the spacecraft. Note that both  and pattN are measured
anticlockwise.
When the observer specifies the pattern orientation as an anticlockwise rotation pattIB with
respect to the instrument boresight axes, the corresponding tilt angle with respect to the
spacecraft ACA axes is given by:
 ≡ − x − patt IB  mod 2  

(3-15)

where  x is the SIAM rotation component about the X axis from ACA to boresight axes.
This can be obtained by converting the SIAM to Euler angles (see equation (3-4), as
follows:
IB
ACA

Q siam = Q − z  Q − y Q − x 

(3-16)

3.15 Pointing Commands
Pointings are commanded by the following spacecraft pointing telecommands [RD5]:
•

TC_PERFORM_SCM_FINE_POINTING

•

TC_PERFORM_SCM_RASTER_POINTING

•

TC_PERFORM_SCM_LINE_SCAN

•

TC_TRACK_SOLAR_SYSTEM_OBJECT

These are initiated, respectively, by the following pointing commands in the POS file
[RD3]:
•

PREQ

•

RREQ

•

LREQ

•

SSO_TRACK
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There is an almost exact correspondence between these POS commands and the
telecommands, except that the POS commands contain additional information, such as the
boresight identifier, that is not sent to the spacecraft.
In this document the commands will be denoted as functions with arguments expressed as
quaternions, for convenience. For example a fine pointing at attitude Q c commanded at
time t 1 is written:

t1

PREQ  Q c , ...

A raster command specifies the spacecraft attitude Q f at the first raster point, the tilt angle
 of the pattern with respect to the spacecraft and several timing parameters:

t1

RREQ Q f ,  , ...

The resulting spacecraft attitude Q p at raster point i , j is given by:
Q p = Q c Q  Q ij Q−1


(3-17)

Typically, we wish to specify the attitude at the raster centre. The spacecraft attitude Q f at
the first raster point is obtained from:
Q f = Q c Q  Q11 Q−1


(3-18)

A line-scan command is similar, except that Q f specifies the start of the first scan line,
instead of the first raster point:

t1

LREQ Q f ,  , ...

3.16 Composite Modes
Composite pointing modes allow complex pointing patterns to be constructed from a
sequence of primitive spacecraft pointings (i.e. fine pointing, raster or line-scan).
This is achieved by defining a pattern frame to which a number of sub-pointings may be
attached. For example, the nodding-in-raster mode may implemented by attaching twopoint rasters for the nods, to a raster pattern defined in the pattern frame.
The centre of the pattern frame may be offset from the requested (RA,DEC) coordinates
by ZY offsets and application of the SIAM, as described above. The orientation of the
pattern frame may be specified either with respect to the spacecraft or with respect to
North (i.e. as a position angle). The pattern frame may be a simple fixed frame or a
tracking frame that can track moving targets.
The required spacecraft attitude Q c at the centre of the pattern frame is:
Q c = Q r Q ZY Q siam

(3-19)

where Q r is the the quaternion obtained from the requested pointing (see section 3.9).
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Consider a sub-raster whose orientation is with respect to the pattern frame, such that the
whole pattern rotates as an entity. The attitude Q p of some raster point p of a sub-raster is
given by:
−1
Q c Q Q  Q Qij Q−1
 Q 

Qp =

−1

−1

Q c Q Q Q [Q Q Qij Q  Q  ]

=

where:
Qij

is the offset of raster point  i , j  within the sub-raster

Q

is the offset of the centre of the sub-raster within the pattern frame



is the rotation of the sub-raster
is the rotation of the pattern frame



Another case that arises is a sub-raster that maintains a fixed angle with respect to the
spacecraft rather than the pattern frame. This occurs, for example, in the nodding-in-raster
mode, where the nod direction must be aligned with the instrument chopper direction. In
this case, the attitude at a sub-raster point is given by:
−1
Qc Q Q Q−1
 Q  Q ij Q  

Qp =

Both these cases can both be expressed in the same form:

Q p = Q cs  Q  Q ij Q−1



(3-20)

by means of the substitution:

{

Q Q 
Q

Q =

if sub-raster is relative to frame
if sub-raster is relative to spacecraft

(3-21)

where:
Q cs = Q c  Q Q Q−1



(3-22)

The above algebraic manipulation brings the terms Q and Q  together, as consecutive
rotations about the same axis, so that the angles  and  may simply be added:
 =

{




if sub-raster is relative to frame
if sub-raster is reative to spacecraft

(3-23)

The telecommand requires the spacecraft attitude Q f at the first raster point:
Q f = Q cs Q Q11 Q−1


(3-24)
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The resulting telecommands for each sub-raster are of the form:

t1

RREQ Q f ,  , ...
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SSO Tracking

4.1

Introduction

The Herschel spacecraft has the ability to track moving Solar System Object (SSO)
targets. A raster or line-scan pointing may be performed relative to the moving tracking
frame, so that it follows the target.
Tracking is initiated by a tracking telecommand that instructs the ACMS to apply a timevarying offset to the next pointing telecommand. For example, consider the following
commands, issued at times t0 and t1:
t0
t1

SSO_TRACKC 
PREQ Q t ,...

where t 1≥t 0
The matrix C contains the coefficients for third-order Chebyshev polynomials T of the
first kind that describe the imaginary parts  x , y , z  of an update quaternion Qup t  as a
function of time t, in seconds, since t 1 . This can be written:

[ ]

x t 
y  t =C T t
z t

where:

[

c x0 c x1 c x2 c x3
C = c y0 c y1 c y2 c y3
c z0 c z1 c z2 c z3

]

[ ]

1
t
and T  t= 2t 2 −1
4t 3 −3t

The real part of the quaternion is calculated by the ACMS as follows, given that it is a unit
quaternion with a positive scalar part:

Q up =[x , y , z , 1−x 2 −y 2−z 2 ]
The resulting update quaternion is applied to Q c , the quaternion describing the pattern
centre, so that the whole pattern moves along the tracking path:

Q'c t=Q c Q up t 

(4-1)

When t=0 the polynomial evaluates to the update quaternion [0,0,0,1] , so that at the start
of the slew the position offset is zero.
This can alternatively be expressed in terms of a rotation Q tr from the inertial frame to the
tracking frame:
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Q tr t =Q c Q up t  Q−1
c

(4-2)

Hence:
Q'c t=Q tr t Q c

(4-3)

Further details of how the ACMS performs tracking requests can be found in the ACMS
documentation [RD7, RD8].
4.2

Tracking Rate

The maximum tracking rate is 10 arc-seconds per minute [RD9], which is 1 degree in 6
hours. The maximum duration of a tracking pointing is about 6 hours, in order to achieve
the necessary tracking accuracy with a third-order tracking polynomial. Hence the
maximum distance a target can move during tracking is about 1 degree. Observations
normally involve a sequence of pointings, so the total duration of the observation may
exceed 6 hours.
At the maximum tracking rate, a one second uncertainty in timing of the observation
would result in a positional error of 0.17 arc-seconds.
4.3

Tracking Mode Transitions

When t=0 the polynomial evaluates to the quaternion [0,0,0,1] , so that at the start of the
slew the position offset is zero. The pointing telecommand specifies the coordinates of the
target at time t=0 . Consequently, at the end of the slew the boresight arrives at the actual
target position at that time and then continues to track it. The slew time requested in the
telecommand must make allowance for acceleration from the inertial frame to the tracking
frame (except in the case of a line-scan, where there is already sufficient allowance
[RD8]).
At the end of the pointing, the spacecraft attitude remains fixed with respect to the
tracking frame until the next pointing command is issued. The spacecraft decelerates to a
fixed inertial attitude during the slew to the following non-tracking pointing. If this
attitude is close to the final attitude of the tracking pointing, the spacecraft may have to
overshoot and then slew back. Hence, some time must be allowed at the end of a tracking
observation for the spacecraft to decelerate to rest with respect to the inertial frame.
In the case of pointing telecommands that specify an OFF position, this position is fixed
with respect to the inertial frame, whereas the map moves with the tracking frame. Hence,
each slew to/from the OFF position involves switching between tracking and non-tracking
modes. Each mode switch takes 10 seconds.
Tracked observations with fixed OFF positions have a duration that varies considerably
depending on the time at which the observation is scheduled. To avoid this problem, the
composite pointing modes use a fine pointing to implement an OFF position that tracks
the target with the observation. This also eliminates tracking mode transitions, except at
the beginning and end of the observation.
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Generating Coefficients

4.4.1

Overview

The spacecraft-centric position vector v t  of the target is found, for a sequence of times,
by interpolating ephemerides describing the motion of the body to be tracked.
Spacecraft attitude quaternions are calculated for each of these vectors, such that the roll
angle  is zero. These are then expressed as update quaternions relative to the initial
attitude. In principle, it is possible to track the target with any desired evolution of  , but
a constant angle was chosen for simplicity.
Sections 4.5 and 4.6 explain how this approach is extended to cover tracking with
composite pointing patterns and an offset.
The ACMS recalculates the scalar (real) component of the update quaternion assuming
that it is a unit quaternion with positive real part:

w= 1− x − y −z
2

2

2

Consequently, the quaternions used to generate the coefficients must be normalized and
then negated if the scalar component is negative8.
Chebyshev polynomials are then fitted to the x, y and z components of these quaternions.
The coefficients of these polynomials form the parameters of the tracking telecommand.
Two approaches for fitting the polynomial to the data are discussed below. The current
implementation uses the least squares approach.
4.4.2

Chebyshev Approximation

Chebyshev polynomials are orthogonal over the interval [−1,1] . An important property is
their behaviour when they are truncated to a polynomial of a finite degree. The error is
spread out as an oscillatory function over the interval [−1,1] , such that the maximum
absolute error is approximately minimised.
The independent variable t varies over the interval [0,  ] , where  is the total tracking
duration. This is transformed to the interval [−1,1] , over which the polynomials are
orthogonal, as follows:
x = t −1 where =

2


(4-4)

Chebyshev polynomials can be used to approximate a function over the interval [−1,1] as
follows:
N −1

f  x ≈ ∑ a k T k  x  −
k =0

8

1
a
2 o

The scalar part should normally be positive because the offset is a small rotation.

(4-5)
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where:
aj =
=

N

2
N

∑

2
N

N

k=1

∑

f  xk  T j  x k 
f {cos

k=1

 k − 12 
N

}cos

 j k − 12 
N

(4-6)


In practice, a value of N between 10 and 20 appears to work well for a third-order
approximation of the error quaternions. The value must be sufficiently large that c N and
higher coefficients have no effect because they are dominated by rounding errors or noise
in the data.
The truncated Chebyshev approximation has the following form, where q i is the
quaternion component to be approximated:
2

3

qi  t  =

1
2

a 0a 1 x a 2  2 x −1 a 3  4 x −3 x 

=

1
2

a 0  t−1a 1 [ 2  t−1  −1 ]a 2 a 3 4  t−1  −3  t−1c3

2

3

The coefficients a j must be transformed into those of the Chebyshev polynomial used in
the tracking command:
qi  t =

c0 c1 T 1 t c 2 T 2  t c3 T 3  t
c0 c1 t c2  2 t 2 −1 c 3 4 t 3 −3t 

=

Equating coefficients of powers of t gives the coefficient vector C:
CT = M AT

(4-7)

where:

[

1
2

M= 0
0
0

−1 12 −1−6 2

0
0

−4 
2
0

9 3 3
−6 2
3

]

(4-8)

Note that the first element is ½ because of the term a o / 2 in equation(4-5).
4.4.3

Least Squares Matrix Solution

An alternative approach to deriving the Chebyshev coefficients is to solve the following
over-determined matrix equation for the coefficients C using a least squares fit9:
T T CT =[q x , q y , q z ]
9

This is currently implemented by QR decomposition using Householder transformations.
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It has been proposed10 that a transformation should be applied as follows, because this
linear system is ill conditioned.

U T AT =[q x , q y , q z ]
C T =M AT
where:

[ ]

1
2 x −1
U t =
2 x 2 −1
3
4 x −3 x
x = t and =

1


The fitted polynomial is as follows, where q i is the quaternion component to be
approximated:
qi  t =

=

2

3

a0 a1  2 x −1 a 2  2 x −1 a 3  4 x −3 x 
2 2

3 3

a0 a1  2  t−1 a 2  2  t −1 a3  4  t −3  t

This must be transformed into the Chebyshev polynomial used in the tracking
telecommand:
qi  t =
=

c0 c1 T 1 t c 2 T 2  t c3 T 3  t
c0 c1 t c2  2 t 2 −1 c 3 4 t 3 −3t 

Equating coefficients of powers of t gives the transformation matrix M:

[

1 −1 −12
0
3
0 2
0
3  −3 
M=
2
0 0

0
0 0
0
3

]

(4-9)

The resulting polynomial is a least squares fit expressed in Chebyshev form. However, it
is not a Chebyshev approximation, which would (approximately) minimise the maximum
absolute error.
It is perhaps surprising that the tracking telecommand does not contain the additional
parameter  , so that the polynomial can be evaluated over the interval [−1,1] . As it does
not, the above matrix is used to transform the coefficients.

10

by Mark Tuttlebee (ESOC)
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Offset Tracking

Consider the tracking of a moving target, using a fine-pointing at some offset Q zy that is
expressed in boresight coordinates. The offset boresight should follow the path of the
moving target. Hence, the spacecraft attitude is given by:
ACA

Qc t = IBQ sso  t Q zy ACA
IB Q siam

(4-10)

where IBQ SSO  t  is the quaternion corresponding to the position vector v  t  of the target at
time t, with initially unknown alpha angle.
This must be solved such that the Sun alpha angle is zero, as described in section 3.9.
The Chebyshev coefficients are obtained as before. The resulting attitude quaternions are
such that the instrument boresight tracks the target with a ZY offset.
4.6

Composite Tracking

A tracking composite pointing mode is similar to a fixed composite mode, except that the
centre of the pattern frame Q c must follow a path such that the boresight tracks the target
with any required ZY offset:

Q c ( t ) = Q t ( t ) Q ZY Q siam

(4-11)

The XACA axis tracks the target, with the spacecraft rotating slowly about this axis to hold
the Sun  angle constant. Consequently, the raster pattern (which is at a fixed angle  to
the spacecraft) rotates slowly about its centre point as this point tracks the target.
As with a fixed composite mode, there are two cases to consider. Consider first a subraster whose orientation is with respect to the pattern frame, such that the whole pattern
rotates as an entity. The spacecraft attitude at point p is given by:
Q p t  =
=

−1
Q c tQ  Q Q Qij Q−1
 Q 
−1

−1

Q c tQ Q Q [Q  Q  Q ij Q  Q  ]

Now consider a sub-raster that maintains a fixed angle with respect to the spacecraft, such
that the sub-rasters rotate relative to the pattern frame:
Q p t =

−1
Q c tQ Q Q−1
 Q  Q ij Q  

These two cases can both be expressed in the same form:
Q p  t = Q cs  tQ  Q ij Q−1



(4-12)

by means of the substitution:
Q =

{

Q Q 
Q

if sub-raster is relative to frame
if sub-raster is relative to spacecraft

(4-13)
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where:
Q cs t  = Q c  t Q Q Q−1



(4-14)

The above algebraic manipulation brings the terms Q and Q  together, as consecutive
rotations about the same axis, so that the angles  and  may simply be added:
 =

{




if sub-raster is relative to frame
if sub-raster is relative to spacecraft

(4-15)

In order to derive the tracking telecommand, Q p must be expressed in terms of an update
quaternion applied to the centre of the sub-raster, as follows:
Q p  t = Q cs  t 1  Q'up  t Q Q ij Q−1



(4-16)

where:
Q ' up t  = Q−1
cs t 1 Q cs t 

(4-17)

and t 1 is the time at which tracking of the sub-raster starts.
Note that Q ' up t 1 = [0,0,0,1] as required.
The Chebyshev coefficients C are obtained by fitting polynomials to the x, y, z
components of the update quaternion Q ' up t  over the interval [t 1, t 1] :
C = coeff t 1 ,Q cs t 1  ,  

The telecommand requires the spacecraft attitude Q f at the first raster point:
Q f t  = Q cs t Q  Q11 Q− 1

(4-18)

The resulting telecommands for each sub-raster are of the form:
t0
t1

SSO_TRACK C 
RREQ Q f t 1  ,  , ...

The approach described above ensures that:
•

The boresight tracks the target with offset ZY

•

The entire pattern moves as an entity

•

=0 at the centre of the pattern frame, which is offset from the target

If all the sub-pointings within a composite mode are defined with respect to the same
tracking frame, no additional slew time is needed between pointings to make rate
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adjustments, except at the beginning and end of the observation. If the composite mode
includes OFF positions, either as part of the basic raster and line-scan pointings or as
additional fine-pointings, additional slew time is needed to make the transition between
the tracking and inertial frames.
4.7

Shadow Tracking

Shadow tracking involves repeating a tracking observation at a later time, when the target
is no longer present, in order to measure the background. It is not expected that this feature
will be implement. However, the discussion has been kept as it may be useful for future
missions.
Because the Sun position is different for the shadow observation, it is generally not
possible to use the same Chebyshev coefficients as the original observation. The shadow
observation must follow the same boresight path, but with the spacecraft rotated about the
X axis to satisfy the Sun alpha angle constraint.
The shadow observation (e.g. raster or composite pattern) should ideally have the same
orientation on the sky as the original observation. This orientation is specified in the
pointing telecommands as an angle  relative to the spacecraft axes (which are rotated for
the shadow observation). Consequently, the value of  has to be adjusted to give the same
pattern orientation on the sky. However,  can only be adjusted in steps of 0.1 degrees, so
it may be necessary to make a fine adjustment of the spacecraft roll angle to compensate.
A raster whose orientation is specified by a position angle is interpreted as follows: The
raster angle with respect to the spacecraft is set to give the requested position angle at the
start of the observation. As the observation progresses, the spacecraft follows the path of
the SSO and rotates slightly about the X axis to maintain the Sun alpha angle at zero.
Consequently, the position angle is not maintained throughout the observation.
For a raster whose orientation is specified relative to the spacecraft, shadow tracking does
not repeat the original observation because the spacecraft roll angle will differ in order to
maintain the Sun alpha angle at zero.
For a raster whose orientation is specified by a position angle, shadow tracking will start at
the original first point. Subsequent raster points may progressively deviate from the
original positions by a small amount. This is because the rotation about the X axis will
differ as the Sun beta angle has changed. This effect is likely to be small if the time
interval between the observations is small (e.g. 1 day results in a change in alpha and beta
of less than 1 degree).
See section 7.7, for a discussion of the radial velocity issues relating to shadow tracking.
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Slews
Introduction

The pointing commands for fine pointing (PREQ), raster (RREQ) and line-scan (LREQ)
each start with a slew to manoeuvre the spacecraft from the previous pointing. In addition,
the RREQ and LREQ include small internal slews to move between raster points and scan
lines. There is no ACMS command to perform just a slew, although the same effect can be
achieved by commanding a fine pointing of zero duration.
The onboard ACMS computer uses a path planner algorithm to predict the slew times
[RD6, RD7] and a path demand algorithm [RD7] to issue a sequence of attitude and rate
demands to the control system at 4 per second. However, these algorithms do not include
settling times. The ground-based slew predictor is responsible for estimating the slew time
and ensuring a sufficient margin to allow settling. If the requested time is insufficient, the
ACMS sends a TM(1,8) telemetry packet warning that the slew was interrupted.
The ACMS determines the appropriate slew path from the current attitude to the required
attitude as follows. If the Sun alpha angle will remain within the allowed range, an
eigenaxis slew is performed which is simply a rotation about a fixed axis. Otherwise, sunsafe slew is performed, which involves rotating about an axis which is itself rotating, so as
to keep the alpha angle within range. The duration of an eigenaxis slew depends only on
the initial and final attitudes, whereas the duration of a sun-safe slew also depends on the
position of the Sun. In fact, the initial and final attitudes have their alpha angles tightly
constrained by the Sun and so the eigenaxis slew time does depend indirectly on the Sun
position.
Since the type of slew (eigenaxis or sun-safe) is determined on-board, the mission
planning software cannot always be certain which type of slew will be performed. This is
important both for slew-time estimation and constraint checking.
5.2

Eigenaxis Slews

A rotation about a fixed axis is known as an eigenaxis rotation and a slew of this form is
known as an eigenaxis slew. Since the rotation leaves the rotation axis vector unchanged,
the axis v is the eigenvector of the rotation that corresponds to an eigenvalue11  of the
rotation matrix of 1:
S v= v

where =1

The slew S is a rotation from an initial attitude A to a final attitude B. This may be
expressed as follows:
EQ

B = EQ A EQ S

(5-1)

Hence the slew rotation is:
−1

S= A B
11

A 3x3 rotation matrix has 3 eigenvalues, but only one of them is real.

(5-2)
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The quaternions A and B should have their signs normalised such that the scalar part w is
positive, to ensure that S is shortest rotation (e.g. 10 degrees rather than 350 degrees).
If the rotation S is expressed as a quaternion [ x , y , z , w] , the rotation angle is given by:
θ EA = 2 atan2( √ x + y +z , w)
2

2

2

(5-3)

If the quaternion is normalized, the following expression may also be used, although this
may be less accurate for angles close to 0 or π .
−1

θ EA = 2 cos ( w)

(5-4)

It is possible for a slew to consist entirely of a rotation about the X axis. Consider, for
example, a raster which ends with a roll angle of −1o followed by an another raster which
starts with a roll angle of 1o . If the last point of the first raster coincides with the first
point of the second raster, the slew consists a 2 o rotation about the X axis. This 2 o slew
takes about 80 seconds, even though the pointing coordinates have not changed.
5.3

Slew Phases

An eigenaxis slew starts with an initial acceleration phase at a fixed angular acceleration
a, up to a maximum angular velocity ωmax . Then there is a constant-rate phase at ωmax ,
followed by a deceleration phase with angular acceleration of -a.
The time taken to slew through an angle θ , with no fixed-rate phase, is the time taken to
accelerate through θ/ 2 and then decelerate through θ/ 2 :
t =2

√

θ
a

(5-5)

The fixed-rate phase is only needed if the maximum slew rate is reached. This occurs
when the slew angle exceeds a value θ0 (about 7.5 degrees12) with corresponding slew
duration t 0 :
2

θ0 =

t0 =

12

ωmax
a

2ω max
a

Assuming current parameter values for the nominal 4 reaction wheel configuration.

(5-6)

(5-7)
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Ignoring settling time, the slew time is therefore:

{

√

θ
,
a
t=
θ−θ0
t0 +
,
ω max
2

θ<θ 0

(5-8)
θ≥θ 0

The actual algorithms used in the ACMS round the times of each phase up to a multiple of
the ACMS cycle time, which is 0.25s.
5.4

Sun-Safe Slews

The ACMS performs a sun-safe slew if an eigenaxis slew would violate the Sun alpha
constraint[RD8]13. A sun-safe slew is a rotation about an axis which is itself rotating, so as
to keep the alpha angle close to zero.
The slew from attitude Q 1 to Q 2 may be factorized into a rotation Q s about the Sun vector
s, followed by a rotation Q p perpendicular to the Sun vector in the spacecraft frame:
Q2 = Q1 Qs Q p

(5-9)

The two components of the slew can be executed in parallel. In this case, Q p is a rotation
about an axis perpendicular to the Sun vector in the spacecraft frame, which is changing
with time as Q s proceeds. Hence, the overall slew can be considered as a rotation about an
axis which is itself rotating.
Rotating about the Sun axis leaves the alpha angle unchanged. In the simple case that the
initial and final values of alpha are zero, the perpendicular component is a rotation about
the spacecraft Y axis, which also leaves the alpha angle unchanged. Otherwise, the
perpendicular component slowly evolves the alpha angle from its initial value to its final
value.
The initial and final Sun vectors in the spacecraft frame are:
−1

v1 = Q 1 s Q 1
−1

v2 = Q 2 s Q 2

Consequently, the quaternion Q p is defined by the axis and angle:
v p = v 2×v 1
A sun-safe slew is triggered by the ACMS if the alpha angle would exceed 3.1944 degrees. The
SMPS constraint checker allows a maximum alpha angle for pointings (i.e. the ends of slews) of 2.9 degrees,
but in the course of an eigenaxis slew the angle may increase up to 3.1944.
13
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−1

θ p = cos (v 1⋅v 2)

and from equation (5-9) the rotation about the Sun axis is:
−1

−1

Qs = Q 1 Q2 Q p

(5-10)

The total slew angle for the sun-safe slew is given by:
θSS =
=

√ arg (Q )+arg (Q
√θ +θ
2

2

s

2
s

p

)

2
p

(5-11)

where14:
θ s = arg(Q s)
θ p = arg (Q p )

In comparison, the slew angle for an eigenaxis slew would be:
θ EA =
=

arg(Q −1
Q2 )
1
arg(Q s Q p )

In the special cases that θs =0 or θ p =0 , the slew is entirely about a single axis and so
θSS =θ EA . Otherwise, the sun-safe slew follows a longer path across the sky than an
eigenaxis slew and may take longer. However, in the case of the Herschel ACMS, the
maximum slew rate for sun-safe slews is higher than for eigenaxis slews, with the result
that for slews less than about 120 degrees, the sun-safe slew is actually faster, because the
faster slew rate more than compensates for the larger slew angle.

The sun-safe slew time t SS is calculated in the same way as for the eigenaxis case, but
using the angle θSS and the corresponding maximum angular velocity ωmaxSS .
Figure 5.1 shows the additional slew time t SS −t EA needed for a sun-safe slew, plotted
against the eigenaxis rotation angle θ EA . The lower (red) line is for Δ θ p=0 and the top
(orange) line is for the worst case of Δ θ p=58.86 degrees. The intermediate lines are for
Δ θ p=20, 30,40,50,54 degrees.

For comparison, figure 5.2 shows the result of a Monte-Carlo simulation of 5 x 106
random slews with alpha and beta in the allowed ranges. In this case, the slew times are
calculated using the ACMS path planner, taking into account rounding to ACMS cycles
and the effects of alpha angle variation. The eigenaxis slews appear as a thin horizontal
line. It can be seen that this agrees well with the upper and lower bounds in figure 5.1.
14

arg(Q) denotes the rotation angle of the quaternion Q.
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Figure 5.1: Calculated sun-safe slew times (see text for key to colours)

Figure 5.2: Simulated slew times

HSC
Development
5.5

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
49

Slew-Time Predictor

5.5.1

Polynomial Predictor

The ACMS User Manual [RD6] provides a simple algorithm that allows eigenaxis slew
times to be estimated from the slew angle:
t slew = A+ √ B ϕ+C ϕ

(5-12)

where  is the eigenaxis slew angle in arcseconds.
This takes into account the settling time to achieve a stable pointing, as well as the actual
slew time. A table of coefficient values is provided for different angle ranges. For angles
up to 7.5 degrees, the maximum slew rate is not reached, so the constant-rate phase does
not exist and C=0. For larger angles, there is a fixed time required to accelerate/decelerate
to/from the maximum slew rate, plus a duration that increases linearly with angle, so B=0.
This predictor was used for the early days of operations, but it was found to impose
excessive overheads that resulted in a significant loss of science time. For a slew of just
less than one degree, the overhead was about 18 seconds and for slews greater than one
degree (for which worst-case sun-safe slews were assumed), the overhead was about 55
seconds. Consequently, an improved predictor was developed as described in the next
section.
5.5.2

Improved Predictor

Examination of the attitude history from a large number of pointings from the first few
weeks of operations showed that a settling time of 5 seconds was adequate, when added to
the time predicted by the path planner. This was more-or-less independent of the slew
angle because the ACMS controls a fixed-rate deceleration at the end of the slew, so there
is very little overshoot.
Consequently, a new slew predictor was implemented based on a fixed 5 second settling
margin relative to the worst-case eigenaxis or sun-safe slew. Figure 5.3 compares the
original polynomial predictor (in red) with the new predictor (in cyan) and worst-case sunsafe slew (in yellow). The eigenaxis slew time is subtracted from all the times since the
differences are a small percentage of the overall slew time and difficult to see if the slew
times are plotted directly. The eigenaxis slew time (normalised to zero) is shown in blue.
The jagged appearance of the lines is because integer multiples of the ACMS cycle time
are used in the estimator.
The SMPS software contains an ACMS simulator, including the path planner and
generator, which simulates the attitude quaternions at a rate of 4 per second. These are
then checked against the various constraint angles. This simulator also provides a check
that the slew times allowed by the predictor satisfy the 5 second margin. As a final check,
MOC also run a Matlab implementation of these ACMS algorithms.
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Figure 5.3: Slew time comparison (see text for key to colours)
The new predictor returns the estimated eigenaxis slew time plus a 5 second margin, for
angles less than 100 degrees15. For larger angles, a further margin is added that increases
linearly with the angle to allow for the additional time required for large sun-safe slews.
The new predictor can be specified as follows:

{

2

√

θ EA

t =5+ t +
0
t0 +

,
a
θ EA −θ0
ω maxEA
θ EA −θ0
ω maxEA

θ<θ0
θ0 ≤θEA ≤θ 1

,
+b

θ EA −θ1
180−θ1

,

(5-13)

θEA>θ1

where:
θ1 = 100

0

b = 17.0

This has a square-root law for small angles, then a linear region up 100° followed by a
second linear region with a steeper slope. It could in principle be implemented as a new
15

In principle, this could start at 120 degrees.
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set of coefficients for the original predictor. It is currently implemented using values from
the spacecraft On-Board Database (OBDB) to obtain the parameters ωmax and a .
Note that the predictor is a function of the eigenaxis slew angle. The estimated slew times
therefore do not depend directly on the Sun position, but only on the initial and final
attitudes.
It would be possible, in principle, to improve the predictor further by using the Sun
position at the time of the slew to calculate θSS . For worst-case sun-safe slews, this would
allow a further saving of up to about 10 seconds for angles in the region of 60 degrees. For
best-case sun-safe slews, it would allow savings of up to 70 seconds for 180 degree
rotations. However, it can be seen from figure 5.3 that the new predictor is already a
considerable improvement on the original one.
5.6

Line Scans

The slew predictor is used not only to estimate the duration of the initial slew to a new
pointing, but also to calculate the duration of the small slews between raster points or scan
lines. These times have to be uplinked as parameters of the RREQ or LREQ telecommand.
Figure 5.4 illustrates a line-scan with two lines:
d1

slew
hold
acc

coast

scan

dec

scan

dec
coast

slew
acc

d2
hold

Figure 5.4: Details of a two-line scan
Each scan line involves the following phases:
•
•
•
•
•
•

slew from previous attitude
hold
acceleration to scanning speed
coast/settling (1 second)
scan at constant speed
deceleration to rest

The slew time for the slew shown in red is calculated as described in section 5.5, where
the slew angle is approximately:
=  d 22 s t coast 2

HSC
Development

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
52

where  s is the scan rate in arcsec/s

d 2 is the line spacing in arcsec
t coast =1 s .

and

This approximation ignores the spherical geometry and also assumes a great circle slew
rather than an eigenaxis slew. This is valid as the slew angle is small.
Normally, the predicted slew time is slightly greater than the actual slew time.
Consequently, the pointing waits at the hold point in order that the scan line starts at the
correct time.
The acceleration and deceleration times are given by:
t acc =t dec =

⌈ ⌉
s
a

where a is the angular acceleration in arcsec/s2 .
The duration of the scan is given by:
tl=

⌈ ⌉
d1
s

where d 1 is the scan line length in arcseconds.
See [RD6] for further details.
5.7

Non-Science Slews

A pointing telecommand command normally initiates a slew to the start of the observation
from the final attitude of the previous observation. However, it is sometimes necessary to
include additional slews in the schedule. For example:
•

the final slew to the DTCP attitude after the last observation

•

a dog-leg slew to avoid a constraint such as a bright object

•

a slew exceeding 180 degrees must be composed of two smaller slews

Slews that form part of an observation are called science slews, whereas additional slews
are known as non-science slews. The latter are implemented as fine-pointing requests
(PREQ) with a pointing duration of zero; they do not have an associated instrument
boresight.
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Time

6.1

Introduction

This section summarises the various time systems and time formats used in the SMPS and
the conversions between them.
•

Scheduling is performed using TAI16. Events are scheduled on a time scale with
one second steps, although the internal representation has a resolution of one
microsecond.

•

PSF, POS and ICP files use times in UTC17 expressed in CCSDS Time Code A
format.

•

Orbit files use Barycentric Dynamical Time (TDB) expressed in CCSDS Time
Code A format.

•

JPL DE405 planetary ephemeris files and Horizons state vector files18 use TDB
expressed as Julian Dates.

•

Log messages use the system time obtained from Java.

Times are stored as TAI using the Java class FineTime and conversions to/from other
time systems are applied as necessary for I/O and processing.
6.2
6.2.1

Systems of Time
TAI

Temps Atomique International (TAI) is now the primary international time scale. It is
defined by measurements made by over 200 atomic clocks around the world and now
provides the definition of the SI second. TAI is simply the number of elapsed seconds
since the TAI epoch of 1958 January 1, 00:00:00 (UT2). Consequently, the UT2 and TAI
time scales coincide at this point.
6.2.2

UT

Universal Time (UT) is a time scale based on astronomical measurements of the rotation
of the Earth. There are several variants, such as UT0, UT1 and UT2, that make various
corrections. Collectively, these are known as Universal Time (UT), when the small
differences between them (less than 50 milliseconds) can be ignored.

16

Temps Atomique International

17

Coordinated Universal Time

The Horizons documentation refers to this as coordinate time, although it is only used as a preferred
name for TDB. The Horizons Systems News (5 Nov 2001) notes that “TDB (Barycentric Dynamical Time)
is replaced by the preferable Coordinate Time (CT) nomenclature”.
18
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UTC

Coordinated Universal Time (UTC) was introduced in 1960. From 1960 to 1971,
inclusive, the length of the second was occasionally changed in steps of a few
milliseconds to keep UTC in approximate agreement with Universal Time. Since 1972, the
UTC second has been made exactly equal to the TAI (SI) second, by the introduction of
occasional leap-seconds. As a result, UTC now always differs from TAI by an exact
number of seconds. Leap seconds are chosen so as to keep UTC in agreement with UT1 to
within 0.9 seconds.
Because of these complexities, the HCSS time package only supports UTC conversions
for dates from 1972 onwards.
6.2.4

TT

Terrestrial Time19 (TT) is the proper time measured on the surface of the (rotating) geoid.
It can be thought of as the time measured by a perfect clock, whereas TAI is subject to
measurement errors. For practical purposes, TT differs from TAI by a constant offset, such
that:

TT =TAI 32.184 s
6.2.5

(6-1)

TDB

Barycentric Dynamical Time (TDB) was defined as the relativistic replacement for the
obsolete Ephemeris Time scale, for use as the independent variable in the calculation of
planetary ephemerides. It measures the time at the Solar System Barycentre, but uses a
second with a mean length equal to that of the SI second so that physical constants remain
the same as their pre-relativistic values. Consequently, TDB differs from TT only by
periodic variations with a zero mean, the maximum difference being less than 2
milliseconds.
TDB can be calculated from TT as follows [RD15]20:
TDB=TT 0.001658 sin g0.000014 sin 2g seconds 

(6-2)

where:
g =357.530.9856003  JD−2451545.0

and JD is the Julian date.
This can be rewritten using MJD2000 (see section 6.5) as follows:
g =357.530.9856003 MJD2000−0.5

19

Terrestrial Time was previously known as Terrestrial Dynamical Time (TDT).

The ESOC OASW Fortran library function TDBUTC uses a more accurate formula derived from
Moyer (1981) [RD15], neglecting terms with an amplitude less than 21 microseconds. This algorithm has no
advantage over the standard one for the current application, given the accuracy required.
20
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The highest ephemeris accuracy requirement arises from SSO tracking. The maximum
tracking rate of 10 arcseconds per minute [RD9] implies that a 2 millisecond error in the
time will lead to a negligible position error. However, the TDB correction is still applied.
Notes:
•

IAU 2006 resolution B3 (RD19) redefined TDB as a linear transformation of TCB.
The SMPS assumes the earlier definition, but the difference is unimportant.

•

The time scale used by the JPL DE405 ephemerides is called T eph . For practical
purposes, this is the same as TDB and they are assumed to be the same within the
SMPS software.

6.2.6

TCB

Barycentric Coordinate Time (TCB) was introduced as a replacement for TDB, when it
was realised that that TDB was not well defined. However, TDB is still widely used for
the calculation of ephemerides. TCB is not currently used in the SMPS.
TCB is a coordinate time scale representing time measured by a distant clock (outside the
potential well of the Solar System), co-moving with the Solar system barycentre frame of
reference. Such a clock ticks faster than TDB due to relativistic effects with the result that
the values of some physical constants need to be changed.
TCB is related to TDB as follows [RD17]:
TCB=TDB+L B ( JD−2443144.5)×86400 seconds

(6-3)

The current estimate of Lb is:
L B=1.550505e-08

IAU 2006 resolution B3 (RD19) redefined TDB in terms of TCB.
6.3

Calendar and Leap-Seconds

The Gregorian calendar provides a means of naming times, using sub-divisions of years,
months, days, hours, minutes and seconds. It may be used in conjunction with different
time systems. For example, the following all represent the same time:
2004-07-20 14:23:17.000000 UTC
2004-07-20 14:23:49.000000 TAI
2004-07-20 14:24:21.184000 TT
The Gregorian calendar includes leap years to keep the calendar year approximately in
step with the astronomical year. A year is a leap year if it is divisible by 4, with the
exception of those divisible by 100, but not by 400.
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Similarly, in UTC, leap seconds are introduced to keep the calendar day approximately in
step with the astronomical day. Leap-seconds are announced periodically by the
International Earth Rotation Service in Bulletin C and always occur at midnight on
December 31 or June 30. In principle, it is possible for leap-seconds to be added or
subtracted, although for the foreseeable future leap-seconds will continue to be added, as
the rotation of the Earth is slowing down. This results in the last minute of the last hour of
the day having 61 seconds (numbered 0 to 60), instead of 60.
For example:
2005-12-31 23:59:60.123456 UTC
Leap-second announcements are made at quite short notice (6 months ahead). It should
therefore be appreciated that any conversion to/from UTC for times beyond the validity of
the current leap-second table, may not be exactly right.
6.4

CCSDS ASCII Time Code A

The Consultative Committee for Space Data Systems (CCSDS) has defined a standard
ASCII representation of calendar times for use in space data systems. This is known as
CCSDS ASCII Time Code A [RD14].
For example:
2008-11-25T13:46:51.123456Z
The suffix 'Z' indicates UTC (standing for Zulu time).
The Herschel PSF, POS and ICP file use this format. The orbit file uses a variant in which
the suffix “Z” is omitted and the times are in TDB.
6.5

Julian Dates

The Julian Day Number is the number of days elapsed since noon on 1 January 4713 BC
in the proleptic Julian Calendar.
The Julian Date (JD) is the Julian Day number followed by the fraction of a day elapsed
since the preceding noon. The term Julian Date is also used to refer to a date in the Julian
Calendar, although the usage is normally obvious from the context.
Julian Dates are useful in numerical calculations in astronomy, where it is required to
represent the date as a single real (i.e. floating point) number. However, current dates
correspond to very large JD values, resulting in significant numerical errors. For such
purposes, it is better to use an offset Julian Date (i.e. with a later epoch), such as MJD or
MJD2000.
The Modified Julian Date (MJD) has an epoch of 1858-11-17T00:00:00. Note that MJD
times are measured from midnight, whereas JD is measured from noon.

MJD= JD−2400000.5

(6-4)
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More recently, MJD2000 has been introduced, with an epoch of 2000-01-01T00:00:00
(i.e. midnight):

MJD2000 =JD−2451544.5

(6-5)

Note that the epoch J2000.0 is defined as JD 2451545.0 (IAU 1994) (i.e. midday) which is
not the same as the epoch of MJD2000.
If an MJD2000 time is represented by an IEEE 64-bit floating pointing number (which has
a 52-bit mantissa), the least significant bit corresponds to a time of approximately:
MJD2000×2−52 days
For example, for the year 2012, the precision is approximately:
2012−2000×365.25×86400×2−52 = 8×10−8 seconds

This is better than the one microsecond resolution of the Java FineTime class.
Modified Julian Dates (MJD) are normally measured using the Universal Time (UT) time
scale. This can be approximated using MJD(UTC), to an accuracy of better than one
second, although the presence of leap-seconds leads to ambiguities. To determine time
intervals in a uniform time system, it is better to use MJD(TAI) or MJD(TT), to avoid this
problem.
6.6

Java Date

The Java Date class is intended to represent UTC but does not do so exactly as it skips
leap seconds. The internal representation is the number of milliseconds since the epoch 1
January 1970 ignoring leap seconds. Hence, if the difference between two Dates is
calculated, it will not be correct if there are one or more intervening leap seconds.
To avoid this problem, the SMPS uses its own class FineTime that represents elapsed SI
seconds since the TAI epoch. Calendars and formatters are provided that handle leap
seconds correctly when the UTC time scale is selected.
Java Date is only used where the system time is required, such as in log messages.
6.7

Onboard Clock

The spacecraft onboard clock was intended to use TAI, but at launch was set to 34 seconds
earlier, which was the TAI-UTC offset at that time. The clock times are encoded in
telemetry in CCSDS Unsegmented Time Code (CUC) format [RD14] with a resolution of
2-16 seconds.
The onboard clock drifts at about 60 ms per day. The ground station uses packet reception
time and the known light-travel time from the spacecraft to determine the drift. This is
provided in the form of time correlation data which can be used to convert downlinked
times. However, the time correlation does not include the 34 second launch offset.
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Orbit and Ephemerides

7.1

Introduction

The Herschel SMPS uses the following sources of orbit and ephemeris data:
•

CCSDS orbit file (geocentric state of spacecraft)

•

JPL DE405 ephemerides for Sun, Earth, Moon and planets

•

JPL Horizons ephemerides for comets, asteroids, etc

The position and velocity of a body is described by a 6 element state vector, with respect
to a specified reference frame. The above sources of data can be interpolated to find the
state vector at a given time. The state vectors may then be added to give, for example, the
state of a planet or asteroid with respect to the spacecraft.
The main uses of ephemerides within the SMPS are as follows:
•

Attitude constraints imposed by Sun, Earth, Moon and bright planets

•

Tracking Solar System Objects (SSO)

•

Calculating radial velocity of an SSO relative to the spacecraft

The three sources of ephemeris data listed above all provide geometric states. These are
sufficiently accurate for computing attitude constraints, since a small safety margin can be
applied to the constraints. However, for SSO tracking, the pointing accuracy must be
better than an arc-second and it is necessary to apply corrections for light-time and stellar
aberration.
7.2
7.2.1

Orbit
CCSDS Orbit File

The spacecraft orbit is described by an orbit file, as defined in the Herschel Orbit Data and
Access Software ICD [AD1]. This file uses the CCSDS Orbit Ephemeris Message (OEM)
format [RD13]. The data is divided into a sequence of blocks, each containing a sequence
of ephemeris records. Each record contains a time and a state vector specifying the
position and velocity of the spacecraft at that time, with respect to a specified reference
frame.
The spacecraft state vector at a given time is determined by interpolating the ephemeris
data. Interpolation is never performed over block boundaries, in case there are
discontinuities in the derivatives. Each block specifies an interpolation method and
interpolation degree, which could in principle differ from block to block.
The HCSS software supports both Lagrange interpolation and Hermite interpolation,
although the current issue of orbit file ICD [AD1] specifies Lagrange interpolation.
However, Hermite interpolation is used for the Horizons ephemerides.
A new orbit file is generated each week. The part in the future is a prediction of the orbit
and may consist of one large block. The part in the past is based on determination of the
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actual orbit and is broken up into many small blocks according to the spacecraft
manoeuvres that actually took place. These manoeuvres include not only delta-V orbit
correction manoeuvres, but also momentum wheel off-loads and slews. The latter can
cause acceleration due to changes in solar radiation pressure. Mission planning relates to
times in the future and hence uses the prediction part.
7.2.2

Lagrange Interpolation

There is a unique interpolating polynomial of degree (order) n−1 that passes through n
points. In general, finding the coefficients of this polynomial requires solving a matrix
equation. However, if the polynomial is expressed in Lagrange form, this becomes trivial
because it involves an identity matrix.
Given a set of n points:
t 1, x 1 , ... , t n , x n 

the interpolating polynomial of order n-1 can be expressed in Lagrange form, as follows:
n

L t =∑ x i l i t 

(7-1)

i =1

where
n

l i t = ∏
j=1
i≠ j

t−t j
t i−t j

(7-2)

Note that the Lagrange basis function l i  t is equal to zero at all given points except one:
l i  t j = ij

where ij is Kronecker delta

The function l i  t may be calculated once, for a specified t, and then used to evaluate the
polynomial for all six components of the state vector s:
n

s'j t =∑ s ji l i  t

for j=1,6

(7-3)

i =1

The software implementation always uses an even number of points, as follows:
d
n = 2⌊ 1⌋
2

where ⌊ x ⌋ denotes the largest integer less than or equal to x.
Note: This may be changed as it is not clear that there is any advantage in using an even
number of points.

Doc. No
Issue
Date
Page

HSC
Development
7.2.3

HERSCHEL-HSC-DOC-741
1.2
19.04.12
60

Hermite Interpolation

If the interpolating function (i.e. polynomial) models the data well, a better fit can be
obtained by increasing the degree of the polynomial. However, if the degree is too large
(or the data is noisy) the interpolating function may pass through all the data points but
oscillate between them. A better result can be obtained by constraining the derivatives at
the sample points. Since the state vector provides positions and velocities, we may use the
velocities as derivatives when fitting the positions.
There is a unique interpolating polynomial of degree 2 n−1 that passes through n data
points with given derivatives. This polynomial can be expressed in Hermite form as
follows:
n

n

i=1

i=1

H  t= ∑ f t i  hi t∑

df
t  h t 
dt i i

(7-4)

where:
h i t =[1−2 t−t i 

dl i
t i ]l i2 t 
dt

(7-5)

hi t = t−t i  li2 t 

(7-6)

and l i  t are the Lagrange basis functions as above.
The Hermite basis functions have the following properties:
dh i
t =0
dt j
d hi
t =ij
dt j

h i t j =ij ,
hi t j =0 ,

Note that H  t is expressed as the sum of two polynomials of degree 2n - 1. The first of
these passes through the n data points with derivatives of zero. The second has the
required derivative at each data point but a value of zero. Hence, the sum passes through
the data points with the required derivatives.
The derivative in equation (7-5) can be computed as follows:
dl i
t  =
dt i
=

[

n

∑

k =1
k ≠i

n
t−t j
1
∏
t i−t k j=1 t i −t j
j ≠i

n

1
∑ t −t

k=1
k≠i

i

]

t=t i

k

Substituting gives a suitable form for an algorithm:

h i t =[1−2  t −t i ]l 2i t 

(7-7)
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hi t = t−t i  l 2i t 

(7-8)

where:
n

1
t i−t k

=∑

k =1
k ≠i

Since acceleration data is not included in the orbit file, it is not possible to perform
Hermite interpolation of the velocities. However, the Hermite interpolating polynomial
can be differentiated as follows and then evaluated to find the velocity at a given time21:
n
n
dh
d h
dH t 
df
= ∑ f t i  i  ∑
t i  i
dt
dt
dt
i =1
i =1 dt

(7-9)

where:

[

n
n
dhi
dl i
1
1
2
= −2 l i t  ∑
 2 l i t 
1−2 t−t i  ∑
dt
dt
k =1 t i −t k
k =1 t i −t k
k ≠i

k ≠i

]

d hi
dl
= l 2i t 2 t−t i l i  t i t 
dt
dt

(7-10)

(7-11)

To obtain the derivative of the Lagrange basis function, first consider:
n

g i , n t = ∏  t−t j 
j =1
j≠i

This can be written as a recurrence relation:
g i , n=

{

 t−t n  g i , n−1 ,
g i ,n −1 ,

n≠i
n=i

g 0, n=1
Differentiating gives:
g ' i ,n =

{

g i ,n−1 t−t n  g ' i , n−1 , n≠i
g ' i , n− 1 ,
n=i

g ' i ,0 =0
Differentiating equation (7-2) gives:
An alternative would be to use Hermite interpolation for the positions and Lagrange interpolation
for the velocities.
21
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n
dl i
1
= g 'i ,n ∏
dt
j =1 t i−t j
j≠i

Substituting in equations (7-10) and (7-11) gives a suitable form for an algorithm:
dh i
= −2  l i2 t   2  l i t  g ' i , n [ 1−2  t−t i  ]
dt

(7-12)

d hi
= li2 t 2 t −t i  l i t  g ' i , n
dt

(7-13)

where:
n

=∑

k =1
k ≠i

n

1
1
=∏
and
t i−t k
k =1 t i−t k
k ≠i

The degree of the polynomial is 2 n−1 , which is always odd. If an even degree is
specified in the orbit file, the requested degree is simply increased by one, as follows:

{

d 1
,
2
n =
d
1,
2

d odd
d even

The current software implementation always uses an even number of points, as follows:
d
n = 2⌊ 1⌋
4

Note: This may be changed as it is not clear that there is any advantage in using an even
number of points.
Hermite interpolation requires that the velocities in the ephemeris file are given to a
sufficient accuracy, otherwise it may lead to a worse result than Lagrange interpolation. To
a first approximation, we require:
v =

p


where v is the accuracy of the velocities
 p is the accuracy of the positions

 is the time between consecutive ephemeris samples
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Interpolation Range

Normally the orbit file contains a large number of ephemeris samples and it is necessary to
select n consecutive points around the required time t. The interpolating polynomial passes
through the n data points, but may oscillate between them with the oscillation increasing
in amplitude towards the ends of the interpolation range, as illustrated in figure 7.122. This
is known as Runge's phenomenon.
To avoid this effect, the data points used for interpolation are chosen so that they are
approximately centred on the interpolation time. When interpolating near the ends of the
data range, the order of the polynomial is reduced, so that the interpolation time is still
near the centre of the range.

Range used

Figure 7.1: Avoiding Runge's phenomenon (Lagrange n=8)
A binary search is used to find the ephemeris sample i, such that:
t i ≤ t   t i 1

The indices j and k of the first and last samples to be interpolated are calculated as
follows:
j=i −

⌊⌋

n
+1
2

(7-14)

k = j + n− 1

If time t is near the start or end of an ephemeris block, there may not be n /2 data points on
either side, so n is reduced.

22

This example deliberately exaggerates the effect.
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Planetary Ephemerides

7.3.1

DE405

The JPL DE405 planetary and lunar ephemerides provide data for determining the
geometric state (position and velocity) of the Sun, Moon and 9 major planets23 with
respect to the Solar System Barycentre (SSB).
The ephemerides are stored as coefficients of Chebyshev polynomials that may be
evaluated to give an ephemeris for a specified time. This representation is a compact way
of storing the data, requiring an ASCII file of only about 6 MB to cover a period of 20
years. JPL makes available both ASCII and binary versions of file. The Java SMPS
software makes use of the ASCII format so that it is platform independent.
The DE405 file is split into intervals of 32 days, which are further divided into subintervals. The file contains a block for each sub-interval, specifying the start and end times
and the Chebyshev coefficients for each of the bodies (i.e. planet).
The DE405 ephemerides provide the barycentric state of the Earth-Moon barycentre and
the geocentric state of the Moon. These may be combined as follows to give the
barycentric states of the Earth and Moon:
v e = v emb −

v em
1 

(7-15)

v m =v e v em

(7-16)

where  is the Earth/Moon mass ratio

v emb is the barycentric state of the Earth-Moon barycentre
v em is the geocentric state of the Moon
7.3.2

Chebyshev Interpolation

Chebyshev polynomials of the first kind are defined by the following recurrence relation:
T 0 t  = 1
T 1t  = t
T j  t  = 2 t j−1  t −T

(7-17)
j−2

t

They are orthogonal over the interval [-1, 1].
If the state is required for time t, it is first necessary to find the sub-interval [ t 1, t 2 ]
containing this time. The time is then transformed to the interval [-1, 1] as follows:

=2

23

t −t 1
−1
t 2−t 1

Pluto is still included as a planet in the JPL DE405 ephemeris files.

(7-18)
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The polynomial may then be evaluated for each of the 3 position components, as follows:
n−1

x j = ∑ a i T k 

for j=1,2,3

(7-19)

i=0

where a j are the Chebyshev coefficients for this sub-interval.
The velocity components may be obtained in a similar way using the derivative of the
polynomial:
T ' 0 t  = 0
T ' 1 t  = 1
T ' j t  = 2 t T ' j−1  t2 T j−1  t−T ' j −2 t 

(7-20)

n−1

v j  =∑ a i T ' k 

for j=1,2,3

(7-21)

i= 0

7.4

Horizons Ephemerides

Section 4 discusses the tracking of Solar System Objects (SSO). The tracking coefficients
sent to the spacecraft are obtained by fitting a Chebyshev polynomial to a sequence of
ephemerides describing the motion of the body, after applying any required tracking
offset.
The ephemerides are obtained from the JPL Horizons system [RD16] by submitting an
email request to the Horizons server. This results in an email reply containing state vectors
(position and velocity) for a sequence of successive times [RD18]. The state vector for a
given time is obtained using a Hermite interpolating polynomial, as described earlier in
connection with orbit files.
The ephemerides must be corrected for light-time and stellar aberration as sub-arcsecond
accuracy is required for tracking. One possibility would be to request corrected spacecraftcentric ephemerides from Horizons. However, there is no guarantee that Horizons will
always have the latest Herschel orbit file available, which would affect the tracking
accuracy. Also, it would be necessary to re-request all the SSO ephemerides each time the
orbit file changed (i.e. one a week). Consequently, it was decided to request barycentric
ephemerides and perform the necessary corrections within the SMPS.
7.5

Computing Geometric States

The orbit file, DE405 and horizons ephemerides may be combined by adding and
subtracting state vectors, to give the geometric state of one body with respect to another.
For example, to compute the geometric state of Jupiter with respect to the spacecraft24:
sc

24

v jupiter = ssb v jupiter − ssb v earth −earth v sc

In this section, the notation a v b is used to indicate a vector from a to b.
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The first two terms on the right-hand side are obtained using DE405 and the final term is
obtained from the orbit file.
When apparent positions are required, corrected for light-time and stellar aberration, the
computation is broken into two steps, so that the aberration corrections may be performed
using the Solar System Barycentre as an inertial frame:
sc

v jupiter =  ssb v jupiter  −  ssb v earth  earth v sc 

These corrections are described in the next section.
7.6

Planetary Aberration Correction

The various sources of ephemerides described above all provide geometric states. For SSO
tracking it is necessary to apply corrections for Light-Travel Time (LTT) and stellar
aberration25. For the current application, a Newtonian (non-relativistic) correction is
adequate.
The LTT correction takes into account where the target was when the photons were
emitted. This allows a state vector to be computed from the observer at the time of arrival
to the target position at the time of departure. The LTT correction depends on the motion
of the target but is independent of the motion of the observer.
A first approximation for the light-travel time  is obtained as follows:
τ=

where

∥

r (t ) − ssb r sc (t )∥

ssb sso

c

r

ssb sso

is the vector from the Solar System Barycentre to the SSO

r is the vector from the Solar System Barycentre to the spacecraft

ssb sc

and

c is the speed of light.

A second approximation is then:
τ' =

∥

r (t −τ) − ssb r sc ( t)∥

ssb sso

c

Then the position and velocity of the body with respect to the spacecraft, corrected for
light time, are:
sc

r ' sso  t = ssb r sso t − '  − ssb r sc t 

sc

v ' sso t  = ssb v sso t− '  − ssb v sc t 

The algorithms presented here are based pre-2008 versions on the SPICE routines SPKEZ and
STELAB. The latest version of these routines includes an additional velocity term arising from the
derivative of the light-travel time with respect to time.
25
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The apparent position of the target is also affected by motion of the observer relative to the
Solar System Barycentre. This is known as stellar aberration and is independent of the
motion of the target. It is analogous to the apparent direction of the wind seen by a moving
sailing boat.
The aberration can be corrected by rotating the position vector towards the velocity vector
of the observer relative to the barycentre. The aberration angle is given by:

ϕ = arcsin(∥h∥)
where the rotation axis is:
h=

sc

r̂ ' sso (t ) × ssb v sc (t )
c

where r̂ =

r
∥r ∥

The rotation may be performed using a quaternion as follows:
Q =cos
sc


 , h
2

r "sso = Q  sc r ' sso Q−1

The velocity is only corrected for light-time but not aberration, resulting in a final state:
 sc r "sso , sc v ' sso 
7.7

Radial Velocity Correction

7.7.1

Overview

Redshift of the spectrum may result from motion of the target away from the observer or
cosmological expansion of the universe. For the HIFI instrument, it is necessary to adjust
the spectrometer local oscillator frequency so that the spectral features of interest do not
fall outside the measurement band. This is done by the SMPS calculating a radial velocity
which is passed to the CUS script for the observing mode. The HIFI data processing
pipeline makes a more accurate relativistic calculation of the redshift to calibrate the
resulting spectrum.
7.7.2

Non-Sidereal Targets

For a Solar System Object, the radial velocity of the target is given by the dot product:
v radial (t ) = sc v sso (t )⋅ sc r̂ sso ( t)

(7-22)

It is convenient to use the light-travel-time corrected SSO ephemerides, as these are
generated anyway, although this correction is probably unnecessary for calculating the
radial velocity.
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If shadow tracking is implemented, the subsequent tracking observation at time t2 will
have a different spacecraft velocity than the original observation at time t1 and the target
will no longer be present. For proper background cancellation, the correction should result
in the same observed background wavelengths as the original observation. Hence, the
radial velocity should be calculated using the new spacecraft velocity and the original
target position/velocity:
v radial =

7.7.3

[

]

v (t 1) − ssbv sc ( t 2 ) ⋅ sc ̂r sso ( t 1)

ssb sso

(7-23)

Sidereal Targets

For sidereal targets, the HSPOT user enters a redshift value and the frame with respect to
which this is specified. The SMPS then calculates the component of the velocity of the
frame with respect to the spacecraft in the direction of the target. The frames supported by
the SMPS are Heliocentric, Geocentric and the Kinematic Local Standard of Rest (LSR).
v

sc radial

sc

(t) = scv frame (t )⋅ sc ̂r t (t )

v frame =

{

v

{ frame= heliocentric}

v

{ frame= geocentric }

sc sun
sc earth

v

sc SSB

− SSB v LSR

(7-24)

{ frame= LSR}

where SSB v LSR is the velocity vector of the LSR frame with respect to the Solar System
Barycentre. The J2000 velocity of the Solar System Barycentre relative to the Kinematic
LSR is 20.0 km/s towards RA=18h03m50.29s, DEC=30d00'16.8", which may be
expressed as a vector using equation (2-1).
The centre of the pointing pattern may be offset from the target. The target position r t is
simply the reference position (RA,DEC), expressed in ACA coordinates (see equation
Error: Reference source not found):

r = Q i Q−1

sc t

where
Q = IB Q r  RA , DEC , 

IB
ACA

1
Q−siam

In fact, only the Heliocentric and LSR options are now supported by HSPOT and the
conversion between LSR and Heliocentric is performed by HSPOT. Consequently, only
the Heliocentric option in SMPS is now used.
7.8

Ground Stations

To check the MGA constraint (see section 8.4.8), it is necessary to obtain the position of
the ground station relative to the spacecraft. This requires first finding the position vector
of the ground station relative to the geocentre.
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The Earth is modelled using the World Geodetic System WGS-84 ellipsoid with semimajor axis a and eccentricity e. A table is used specifying the geodetic latitude ϕ ,
longitude λ and altitude h of each supported ground station. The altitudes are specified
relative the reference ellipsoid.
The Earth-Centered Earth-Fixed (ECEF) coordinates of the station are given by:
x =
y =

( r +h ) cos ϕ cos λ
( r +h ) cos ϕ sin λ

z

(( 1−e ) r + h ) sin ϕ

=

2

where:
a

r=

√1 −(e sin ϕ)

2

The vector v=( x , y , z) should then be transformed to the equatorial frame as follows:
v equ = Q v Q

−1

where:

θ
θ
Q = [ 0, 0, sin ( ) , cos ( )]
2
2
θ=

15 π
t gmst
180

and t gmst is the Greenwich Mean Sidereal Time (GMST) given by:
t gmst = 18.697374558+24.06570982441908(t − t J2000) ( mod 24)

where t is the Julian date (UT1)
and

t J2000 is the J2000 epoch expressed as a Julian date (UT1).

Viewed from L2, the displacement of the ground station from the geocenter is less than
900 arcseconds. Hence the error in ignoring precession and nutation of the Earth's axis is
very small and quite acceptable for the purpose of checking the antenna constraint. UTC
may also be used in place of UT1 as the difference is always less than 0.9 seconds.

HSC
Development
8

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
70

Constraints

8.1

Introduction

The scheduling of observations is subject to many temporal and spatial constraints. For
example:
•

Thermal and power considerations constrain the spacecraft XY plane (solar panel
and Sun shade) with respect to the Sun.

•

Communications considerations constrain the Medium Gain Antenna (MGA) (i.e.
spacecraft +Z axis) with respect to the Earth during the Daily Telecommunication
Period (DTCP).

•

MOC may reserve periods of time for spacecraft operations, such as reaction wheel
momentum biasing and delta-V manoeuvres.

•

Instrument considerations constrain the telescope (+X axis) direction with respect
to bright objects, including the Earth, Moon, Jupiter, Saturn and Mars.

•

Observers may specify constraints on the time of scheduling, chopper avoidance
angle, map orientation, etc.

Some of these constraints are specified in the PSF file, whilst others are derived from orbit
and ephemeris calculations and some are given in individual observation requests.
Checking that a schedule satisfies all the relevant constraints requires that the constraint
calculations can be performed very rapidly. In the case of automatic scheduling using
simulated annealing, it is typically necessary to try about one million schedules.
Visualising constraints in the Graphical user Interface (GUI) requires drawing the spatial
and/or temporal boundaries implied by the constraints.
This chapter discusses these constraints in more detail and explains how constraints are
checked and how constraint boundaries are computed.
8.2

Constraint Checking

Herschel is normally operated with one sub-instrument per day, such as PACSspectrometer or HIFI-band-2a. When a new Operational Day (OD) is selected, the SMPS
queries the database for observation requests that are available for scheduling for that subinstrument. The constraints are checked and if an observation is schedulable for at least
part of the OD, it is added to a list of candidate observations. Hence, the mission planner is
only presented with the subset of observations that can be scheduled on that day.
The constraints for each observation are computed when it is read from the database and
are then associated with the observation. Subsequent constraint checks during scheduling
are very fast because the constraints have already been pre-computed.
For example, the database may contain 150,000 observation requests, of which 100,000
are available for scheduling. Of these, only 10,000 may be relevant for a particular subinstrument and need be read from the database. An initial check reveals that only 5,000 of
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these satisfy the Solar Aspect Angle constraint. A further check eliminates another 1,000
because of other constraints, such as fixed-time, roll angle, etc, leaving 4,000 observations
in the candidate list. When an observation is subsequently scheduled, it is simply checked
against its pre-computed constraint. Checks that eliminate a large number of observations
are applied first to improve performance.
The key to simplifying the constraint problem is to express spatial constraints as
equivalent temporal constraints for a given observation. The various temporal constraints
can then be combined into one temporal constraint that is easy to check given a proposed
time of scheduling. For example, the Solar Aspect Angle places a constraint on where the
telescope can point at a given time. This can be expressed as an equivalent temporal
constraint on when the telescope may be pointed at a particular target.
The SMPS makes a final detailed check of the POS it is submitted it to MOC. This is done
using an ACMS simulator to generate spacecraft attitudes in steps of 0.25 seconds, which
are checked against the Sun, Earth, Moon, Jupiter, Saturn, Mars and MGA constraints.
MOC then performs a check on the delivered schedules to ensure that Sun, Earth, Moon
and MGA constraints are satisfied, but excluding the instrument planetary constraints.
8.3

Constraint Logic

In general, a constraint takes the form of a predicate p, which may be a function of time,
spacecraft attitude and/or other parameters.
A temporal constraint C is the set of times at which some predicate p is satisfied:
C = {t ∈ℝ ∣ p  t}

In practice, we are interested in continuous periods of time when some activity, such as an
observation, may be performed.
The simplest form of time constraint is a single interval:
[ t 1, t 2  = {t∈ℝ ∣ t 1≤tt 2 }

More complex constraints can be represented as the union of such (possibly disjoint)
constraints:
C 1∪C 2 = {t ∈ℝ ∣ t ∈C 1 ∨ t ∈C 2 }

The SMPS provides two Java classes for temporal constraints; TimeInterval
represents a single interval, whilst TimeConstraint represents the union of a set of
intervals.
Note that half-open intervals are used, which are inclusive of the start time and exclusive
of the end time:
[t 1, t 2  = {t ∣ t 1 ≤tt 2 }
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These have the useful property that if one interval is excluded from another, the resulting
intervals are also half-open. For example:
[ 3,9 ∖ [ 5,6  = [ 3,5 ∪ [ 6,9 

Hence, it is possible to take the intersection of constraints or their complements and the
resulting constraint is always of the required form, in which each interval includes its start
time and excludes its end time. This would not be the case if closed intervals were used.
For example:
[ 3,9] ∖ [5,6 ] = [ 3,5 ∪  6,9 ]

Representing constraints as half-open intervals ensures that two abutting constraints are
treated as one continuous period of time with no break:
[ t 1, t 2  ∪ [ t 2, t 3  = [ t 1, t 3 

Another consequence is that a constraint is never valid if its start and end times are the
same:
[t , t  = ∅

An activity, such as an observation, occupying the time interval [ t1, t 2  satisfies a
scheduling constraint C if:
[t 1, t 2  ⊆ C
However, this is not valid when scheduling activities of zero duration (i.e. a single event),
since these will satisfy any constraint:
[ t , t  ⊆ C where C =∅

In this case, the correct criterion for scheduling is:

t ∈C
A spatial constraint may be represented as an equivalent temporal constraint. For example,
consider a constraint on the Solar Aspect Angle, which is measured between the X-axis
vector x and the Sun vector s:

p x ,s
Recognising that the Sun vector is a function of time, this may be written as a temporal
constraint:

C = {t ∈ℝ ∣ p  x , s  t }
The set of temporal and spatial constraints relating to an observation k can then be
combined into a single constraint as follows.
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C = C 1 ∩ C 2 ∩ ...C n

The calculation is performed when the observations are read from the database, then the
resulting constraint is stored with the observation. If the duration of observation k is  k ,
the check that the observation can be scheduled at time t is simply:

[ t , t  k  ⊆ k C

(8-1)

A further simplification involves modifying the constraint to allow for the duration of the
observation. This gives a constraint on the start time of the observation:
k

C ' = {t ∈ℝ ∣ ∀ x ∈[0, k ]⋅ t x ∈k C }

(8-2)

This is straightforward to calculate provided that  is not a function of t. That is, the
duration of an observation must be independent of when it is scheduled.
The scheduling check then simply becomes:

t ∈ kC '
8.4

(8-3)

Types of Constraint

8.4.1

PSF Constraints

The Planning Skeleton File (PSF) [RD2] contains a number of windows (e.g.
INSTRUMENT), constraints (e.g. SCIENCE_SLEW) and events (e.g. DTCP_START /
DTCP_STOP). From the perspective of mission planning these can all be viewed as
temporal constraints. Pairs of matching START/STOP events mark the beginning and end
of constraint intervals.
For example, the PSF constraints can be combined to give normal science windows:
C 1 = INSTRUMENT ∩ SCIENCE_SLEW ∖ DTCP
and real-time science widows:

C 2 = INSTRUMENT ∩ SCIENCE_SLEW ∩ DTCP
This constraint-based approach is more flexible than the window-based approach used on
earlier missions such as ISO and XMM. For example, the INSTRUMENT constraint
starts at the beginning of DTCP and finishes at the end of the OD. However, the
SCIENCE_SLEW constraint does not start until the end of DTCP. This means that it is
possible to start a non-pointed observation (e.g. cooler recycling) in DTCP and let it finish
after the end of DTCP. A window-based approach typically places observations within a
window, so it would not allow an observation to span the boundary between a DTCP
window and a subsequent SCIENCE window.
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Sun Constraint

The solar panel is nominally positioned to face the Sun so as to generate sufficient power.
In this configuration, the Sun shade and solar panel shield the telescope and cryostat from
the Sun. The spacecraft may be manoeuvred by ±30 degrees about the Y axis but by only
±3 degrees about the X axis, in order to satisfy power and thermal considerations. The
telescope boresight points along the X axis and therefore has a view of a circular band of
sky, 60 degrees wide, covering about 50% of the sky.
The constraint angles applied by the ACMS26 relate to the Sun constraint angles  and  :
∣α∣ <

3.19440

∣β∣ <

29.7944

0

However, the attitude constraint checker used by MOC (with which POS files must be
compliant) checks the Solar Aspect Angle γ , instead of the  angle, against the following
operational constraint angles [RD2]:
<

2.90

∣γ−90 ∣ <

29.4

∣α∣
0

0

From equation (2-13), this allows β angles up to the following when α is a maximum:
−1

β = tan

[

0

o

tan ( 29.4 )
0

cos( 2.9 )

]

= 29.43

The α constraint angle of 2.9° applies to pointings (i.e. the ends of slews). The α angle
during an eigenaxis slew may increase up to 3.1944°, since the ACMS does not trigger a
sun-safe slew (see section 5.4) until this angle is reached.
8.4.3

Instrument Constraints

The instruments require that the telescope does not point close to bright objects. The Earth
and Moon constraints are checked but normally lie within the Sun constraint.
There are small circular restrictions around Jupiter, Saturn and Mars. These vary from
instrument to instrument and depend on whether the spacecraft is pointing or slewing.
They may even be overridden when it is required to use a planet or planetary moon as the
target.
The constraint for body b (e.g. Jupiter) is:
C b = arccos  IB x , v b  A

where
26

IB

x is the instrument boresight axis obtained using the SIAM

These are defined in the ACMS On-board Database (OBDB)

(8-4)
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v b is the unit vector to the body
A is the minimum angle.

Note that the constraints for Mars, Jupiter and Saturn apply to the instrument boresight,
rather than the spacecraft +X axis. Some of these constraints are only a few arc-minutes in
radius. Consequently, it is not desirable to simply enlarge them by the SIAM offset, so that
ACA coordinates can be used.
The constraints for the Sun, Earth and Moon are spacecraft constraints and relate to the
ACA +X axis, whereas the planet constraints are instrument constraints and relate to the
instrument boresight.
8.4.4

Star Tracker Constraint

The star tracker points in the direction of the spacecraft -X axis, which is is in the opposite
direction to the telescope. The star tracker may not point within 20 degrees of the Moon.
This may be expressed as an equivalent pointing constraint on the +X axis. However, the
Moon constraint is checked as a precaution.
For the telescope, the Moon constraint does not impose an additional constraint because
the constraint angle is only 13 degrees and is contained within the Sun constraint.
8.4.5

Fixed-Time Constraint

An observation request may specify one or more time interval during which it may be
performed. This interval should be as large as possible, otherwise it is likely to lead to
inefficient schedules. At worst, the observation will simply not be schedulable because it
does not satisfy a constraint, it conflicts with another fixed-time observation or a different
instrument is in use on that operational day.
Fixed-time constraints are simply combined with any other temporal constraints for that
observation (by set intersection).
8.4.6

Map Orientation Constraint

The map orientation angle may be constrained by specifying a set of angle intervals. These
may be given as either as position angles or angles relative to the boresight frame (see
section 2.10). The intervals are exclusion intervals, rather than allowed ranges, so that
when no intervals are specified (i.e. an empty set), there is no constraint.
8.4.7

Chopper Avoidance Angle Constraint

The chopper throw for a given instrument is always in a fixed orientation with respect to
the spacecraft. However, the orientation on the sky depends on the spacecraft attitude. The
user can specify a set of angle exclusion intervals to restrict when the observation can be
scheduled.
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Antenna Constraint

During DTCP the Medium Gain Antenna (MGA) must be pointed approximately at the
ground station (see section 7.8). The antenna points in the direction of the spacecraft +Z
axis. The allowed angle depends on which ground station in in use. The time of DTCP is
itself constrained by when the spacecraft is visible from the ground station and when other
missions are using the same ground station antenna.
The MGA places a constraint on the +Z axis with respect to the ground station. The
spacecraft XY plane must simultaneously satisfy the Sun constraint angles. These
constraints can be combined into an equivalent constraint on the X axis. When the Sunspacecraft-Earth angle is greater than about 15 degrees, this takes the form of two roughly
elliptical regions on the sky, one of which can be seen in figure 2. When the angle is less
than 15 degrees, the two elliptical regions merge into a single band around the celestial
sphere.
If the roll angle  is zero, the Sun vector s lies in the XZ plane. Hence, the spacecraft unit
Z-axis vector is given by:
z = s − x  x ⋅s 

(8-5)

where x is the spacecraft unit X-axis vector.
The MGA constraint requires that the angle between the ground-station vector g and the Zaxis is less than some value Α . Hence, the constraint is:
−1
C MGA = cos ( ẑ⋅ĝ ) < Α

8.5

(8-6)

DTCP Attitude

At the end of an OD, the spacecraft must be left in an attitude that satisfies the MGA
constraint as it will be immediately followed by a DTCP at the start of the next OD.
Furthermore, the attitude should remain valid for 48 hours in case the ground station pass
is missed. The choice of DTCP attitude is mainly driven by the Sun constraint and MGA
constraint, although other constraints must also be checked.
While the spacecraft remains at a given DTCP attitude, the +X axis will either move
towards the Sun or away from it, depending on the position of the spacecraft in its orbit
around L2.
Since the position of the Sun is moving at approximately one degree per day along the
ecliptic, the DTCP position should be at least 2 degrees from the approaching Sun
constraint boundary measured along the ecliptic.
The nominal DTCP attitude is selected to be at the centre of the MGA constraint if this is
at least 3 degrees from the Sun constraint along the ecliptic. Otherwise, it is displaced
along the ecliptic to be at 3 degrees (see figure 8.1). This position maximizes the margins.
The nominal attitude is obtained by finding the three spacecraft axis vectors, such that the
Z axis is pointing at the Sun and the Y axis in the Sun-Earth plane. The X axis then
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completes the triad such that XYZ form a right-handed coordinate system. There are two
solutions, corresponding to the hot ( β>0 ) and cold ( β<0 ) DTCP cases.

Sun constraint

MGA constraint
>3°

Ecliptic

DTCP
pointing
Figure 8.1: Selecting DTCP attitude
The hot solution is given by:
z = v̂s
y = v s × ( v e −v s )
x = y ×z

where:
v s is the Sun vector
v e is the Earth vector

The three unit vectors ( x̂ , ̂y , ẑ ) form the columns of the spacecraft attitude matrix, which
can then be converted into an equivalent quaternion Q h . The cold solution Q c uses the unit
vectors (− x̂ ,− ŷ , ẑ ) , corresponding to a rotation by π about the Z axis.
Finally, these attitudes are offset by an angle β about the Y axis if the Sun constraint
margin is less than 3 degrees. The roll angle remains zero as this rotation is about the Y
axis.

βh = min(βmax − βmargin , θ se)
βc = max (βmin+ βmargin , −θ se)
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'
Q h = (cosβh , ̂y sin βh ) Q h
'

Q c = ( cosβc , − ̂y sin βc ) Q c

where:
θse is the Sun-Earth angle between v s and v e
βmin is the minimum beta angle (approx -30 degrees)

βmax is the maximum beta angle (approx +30 degrees)
βmargin is the required margin (3 degrees)

Normally, the cold attitude is used, so that star tracker does not heat up during DTCP.
However, it is possible to select the hot attitude if required.
8.6

Visualising Constraints

Spatial constraints may be visualised by plotting their boundaries as shown in figure 8.2.

Figure 8.2: Spatial Constraints
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Projections
Introduction

The SMPS displays a sky view of the observations, slews, spatial constraints and
coordinate grid, so that the Mission Planner can visualize the planning problem. Each
projection provides a forward mapping from the sphere onto the plane and an inverse
mapping from the plane back onto the sphere. The inverse mapping is used to calculate the
celestial coordinates corresponding to the cursor position, so that these can be displayed
continuously as the cursor is moved.
9.2

Performance

The projections must be computed very rapidly so that the view can be panned and
zoomed in real time. Even drawing the grid lines requires many thousands of points to be
projected.
Map projections are often defined in terms of trigonometric functions of the longitude and
latitude. However, trigonometric functions typically take about 30-50 times longer than a
double-precision addition or multiplication and so should be avoided where possible. The
treatment given below uses vectors to represent celestial coordinates and quaternions to
describe the orientation of the projection plane. This results in fast computations involving
no trigonometric functions for the Orthographic, Gnomonic and Hammer-Aitoff
projections. Use of trigonometric functions cannot be avoided for the Mollweide
projection due to the way it is defined. Some square-root operations are used but these are
generally much faster than trigonometric functions27.
9.3

Coordinates and Scaling

A projection P maps a point ( x , y , z) on the celestial sphere onto a point (u , v) on a plane:
P( x , y , z ) = (u , v)

(9-1)

By default, the centre of the view corresponds to equatorial coordinates α=0 and δ=0 ,
with North at the top (+V direction). Hence, the projection plane axes UV are parallel to
the YZ axes and the vector (1,0,0) maps onto the point (0,0) :
P0 (1, 0,0) = ( 0,0)

(9-2)

The projection P0 may be centred on any other point and rotated, simply by transforming
the original vector v into the view frame specified by a quaternion Q:
−1

P Q( v) = σ P0 (Q v Q)

(9-3)

Processors typically evaluate square roots using an iterative algorithm, which has second-order
convergence, whereas trigonometric functions are evaluated by adding many terms of a polynomial.
27
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Here, σ is a scaling factor that maps angles on the sky onto display coordinates, which are
typically measured in pixels. Since projections are in general non-linear, the scaling factor
is defined in terms of the derivatives at the centre of the view. As a result, switching
between projections leaves the view almost unchanged when the view is zoomed in to a
small region.
∂u
∂α

∣

∂v
∂δ

=

α ,δ=0

∣

=1

(9-4)

α , δ=0

From equation (2-1):

∣

= 1 and

∣

=

∂y
∂α

∂z
∂δ

α ,δ=0

∣

=1

α ,δ=0

Hence:
∂u
∂y

∂v
∂z

y , z=0

∣

=1
y , z =0

The same scaling factor is used in both the u and v directions, so that angles are preserved
at the centre of the view. This also ensures that the zoomed-in view does not change shape
as it is rotated.
The inverse projection may be handled similarly:

[

]

−1
−1 v
−1
P Q ( v ) = Q P0 ( ) Q
σ

(9-5)

The discussion of individual projections given below considers the normalized projection
P 0 centred on (0,0,0) with a scaling factor of unity. It also assumes that the vector
( x , y , z) has been normalized so that the celestial sphere has unit radius.
For some projections, it is useful to perform an initial approximate clipping to the visible
region in order to improve performance. This can be difficult working directly in right
ascension and declination, especially if a pole lies within the region. However, after
applying the view transformation quaternion, the coordinates of the centre of the view are
always zero, greatly simplifying the clipping operation.
The Java graphics system uses screen coordinates that increase from left-to-right and topto-bottom. Consequently, it is necessary to change the sign of v and plot (σ u ,−σ v ) . One
way to handle this is to change the sign of the scaling factor used in the vertical direction.
Finally, note that the views are displayed as seen by an observer looking at the sky, with
right ascension increasing to the left when North is at the top.
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Clipping

Some of the projections only map one hemisphere onto the plane, with the other
hemisphere being hidden. This is described below by the use of partial functions. In
practice, the implementation returns the null value. The test for whether a point is visible
should be made as early as possible, so that the projection calculations can be skipped
where possible.
For some projections it is desirable to further restrict the domain that is plotted. For
example, the Gnomonic projection becomes increasingly distorted away from the centre,
so there is little point in plotting displacements of more than about 70 degrees.
Particularly when the view is zoomed in, the computed coordinates in the plane may
extend well beyond the boundary of the display window. In practice, the graphics system
will generally clip these, although it is normally more efficient not to plot them in the first
place.
For very high zoom levels, integer pixel coordinates may wrap around, resulting in
spurious lines crossing the view. This is a problem for the Gnomonic projection, since it
maps onto an infinite plane. In such cases, clipping within the projection code is essential.
Projections that provide a whole-sky view suffer from an additional problem. An example
is the Mollweide projection, which maps the whole sky onto an ellipse whose left and
right edges represent the same set of coordinates. Consequently, drawing a line which
corresponds to a very small change in α may result in a line being drawn right across the
ellipse from one side to the other; the line is not clipped because the entire sky is visible.
The drawing routines draw curves by approximating them as a sequence of very short
straight line segments. With a whole-sky view, this can result in spurious lines.
9.5

Orthographic Projection

9.5.1

Description

The orthographic projection is a simple parallel projection of the celestial sphere onto a
plane. It may be thought of a view of the celestial sphere with the perspective point at
infinity. It is a projection that is easy to understand intuitively, because it is like looking at
a globe from a distance.
9.5.2

Forward Projection

The Orthographic projection function is simply:
P0 ( x , y , z ) = ( y , z ) , x ≥ 0

(9-6)

This is a partial function, defined only for the visible hemisphere. Points for which z < 0
are simply not plotted.
The projection maps a hemisphere of the unit celestial sphere onto a circular disk of unit
radius.
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Inverse Projection

The inverse function is:
P0 (u , v) = ( √ 1− r , u , v) , r ≤1
−1

2

2

(9-7)

where:
2

2

r = u +v

2

The function is not defined for points outside the unit circle.
9.6

Gnomonic Projection

9.6.1

Description

The Gnomic projection is a central projection in which vectors describing points on the
phere are extended to intersect a tangent plane. Its most important property is that great
circles map onto straight lines in the plane (i.e. the intersection of the great circle plane
with the projection plane).
One half of the sphere maps onto the infinite plane, so in practice some finite region must
be displayed. In practice, a maximum displacement of about 70 degrees is useful, given
the extreme distortion at larger angles.
9.6.2

Forward Projection

The Gnomonic projection may be defined as follows:

P0 ( x , y , z ) =

( )

y z
, , x>0
x x

(9-8)

In practice, it useful to further restrict the projection to avoid extreme distortion.
It is not necessary to normalize the input vector because ratios are used.
9.6.3

Inverse Projection

The inverse projection is:

1 u v
−1
P0 (u , v) = ( , , )
r r r
where:
2

2

2

r = u +v +1

(9-9)
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Mollweide Projection

9.7.1

Description

The Mollweide projection is also known as the homolographic projection or elliptical
projection. It is an equal-area projection that maps the entire surface of the celestial sphere
onto a finite elliptical region. This is useful for mission planning as the whole sky can be
seen at once. Being equal-area it is also useful for visualising the density of available
observations.
9.7.2

Forward Projection

The Mollweide projection of a point with spherical coordinates (α ,δ) is defined by:
u = α cos θ
4
v =
sin θ
π

(9-10)

where θ is given by:
θ=

ψ
2

(9-11)

ψ+sin ψ = π sin δ

Note that the angles α and δ are measured relative the centre of the view. They are not the
same as the right ascension and declination unless the view transformation quaternion is
unity.
Equation (9-11) may be solved by Newton-Raphson iteration as follows:
ψn+1 = ψn −

ψn+ sin ψn − π sin δ
1+ cos ψn

(9-12)

However, there are number of subtleties that need consideration, in order to produce an
efficient algorithm that does not result in visible errors. These are discussed below.
9.7.3

Scaling

The scaling factors in equation (9-10) were chosen to satisfy equation (9-4).
Differentiating equation (9-11) gives:
∂ψ
π cos δ
=
∂δ
1+ cos ψ

Then differentiating equations (9-10):

(9-13)
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=1

(9-14)

ψ=0

ψ ∂ψ
∂v
4 ∂
=
(sin )
∂ δ δ=0
π ∂ψ
2 ∂δ

]

=1

(9-15)

δ=0

which satisfies equation (9-4).
9.7.4

Inverse Projection

The inverse projection is simpler as it does not involve an iterative solution.
From equations (9-10) and (9-11):

sin δ =
α=

1
( ψ+sin ψ)
π

u
cos θ

Substituting into equation (2-1) gives:

z

=

x =
y =

1
( ψ+sin ψ)
π
u
c cos( )
d
u
c sin ( )
d

(9-16)

where:
−1

ψ = 2 sin (
c = √ 1−z

πv
)
4

2

√

2

πv
d = √ 1−sin θ = 1−(
)
4
2

The inverse projection of a point (u,v) exists unless the point is outside the bounding
ellipse. Hence the point is valid if:
2

2

u
πv
( ) +(
)≤1
π
4

(9-17)
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Initial Approximation

For small values of δ a good initial approximation for the iterative solution is:
ψ0 =

π
δ
2

This becomes an increasingly good approximation as δ → 0 , which compensates for the
fact that the view can be zoomed in more, resulting in magnification of errors.
The Newton-Raphson iteration described by equation (9-12) has second-order
convergence except for values of δ close to ±π / 2 , where there are horizontal asymptotes
that result in slower convergence. For δ less than about 80 degrees, only three iterations
are needed to converge within half a pixel. Nevertheless, the iterations are computationally
expensive as they involve trigonometric functions.
The number of iterations required can be reduced by using a third or fifth order
polynomial as the initial approximation.
The current implementation uses:
ψ0 =

π
3
5
δ+c 1 δ +c 2 δ
2

(9-18)

where the constants c 1 and c 2 were empirically chosen to give good results.
This approximation is sufficient with no iterations at all for δ less than 60 degrees and
only one iteration up to about 80 degrees. Even at 90 degrees it still converges in 4
iterations. This is provided that only points visible in the view window are projected.
As σ is increased to zoom-in the view, the allowable error in ψ decreases. This is not a
problem for points within the view window, since the maximum δ that is visible also
decreases and the initial approximation gets better as σ tends to zero. So, even with a
zoom factor of 106 pixels/radian, the initial approximation is sufficient without any
iteration. However, at this zoom level, the poles would require about 13 iterations, even
though they are not visible, so it is desirable to use clipping.
9.7.6

Stopping Criterion

Ideally, the Newton-Raphson iteration should continue until the error is less than half a
pixel. A conservative approximation is to continue until the iterative correction is less than
a small value ϵ :
∣ψn +1−ψn∣ < ϵ

The value of ϵ depends on the scaling factor σ (i.e. the zoom level).
From equation (9-10):
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ψ
2σ
cos( )
π
2

Hence, for an error of half a pixel:
π

ϵ=

4 σ cos(

ψ
2

)

This can be rewritten in terms of cos ψ , which is already calculated, as follows:
2

π
2
ϵ =(
)
4 σ 1+cos ψ
2

(9-19)

This approach usually results in one more iteration than is strictly necessary, because with
second-order convergence the residual error is normally much less than the last correction.
Also, it is necessary to do at least one iteration to estimate the error, even when no
iterations are required.
A better approach might be to use a table to find the number of iterations required as a
function of δ . Since this only depends on σ , the table could be updated whenever there is
a scale change.
9.8

Hammer-Aitoff Projection

9.8.1

Description

The Hammer projection is also known as the Hammer-Aitoff projection, but should not be
confused with the Aitoff projection. It is an equal-area projection that maps the entire
surface of the celestial sphere onto a finite elliptical region. This is useful for mission
planning as the whole sky can be seen at once. Being equal-area it is also useful for
visualising the density of available observations. It is similar to the Mollweide projection
but much faster to compute.
9.8.2

Forward Projection

The Hammer projection is usually defined as:
u=

2√2
α
cos δ sin ( )
d
2

(9-20)

v=

√ 2 sin δ

(9-21)

where:

d
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(9-22)

This is computationally expensive to calculate as it involves several trigonometric
functions. However, the definition can be transformed into a vector form using squareroots, which are much faster to evaluate.
From equation (2-1):
x = r cos α
y = r sin α
z = sin δ
r = cos δ

Now:
α
cos δ sin ( ) =
2
=
=
α
cos δ cos( ) =
2
=

r

√

1−cos α
sgn (α) , ∣α∣≤ π
2

r

√2

√

√

1−

x
sgn ( y)
r

(9-23)

r ( r− x)
sgn( y )
2

r

√

√

1+cos α
, ∣α∣≤ π
2

r (r + x)

(9-24)

2

Hence, from equations (9-20) and (9-21):
u=

v=

2√2s
d

(9-25)

√2 z

(9-26)

d

where:
2

2

r = x +y
c=

√

2

r ( r+x)
2
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r (r − x)
sgn ( y)
2

d = √ 1+c

The projection is clipped when ∣α∣> α max , which is equivalent to:
x < r cos (αmax )

The cosine term only needs to be calculated once as αmax is a constant.
9.8.3

Scaling

Differentiating equations (9-20, 9-21) and substituting (9-22):
∂u
2√2
d
1
2
= 2 cos δ ( cos( α ) +
cos δ sin ( α ))
∂α
2
2
2d
2
d
∂v
1
√2
2
= 2 ( d cos δ + sin δ cos( α ))
∂δ
d
2
d

Evaluating at α=δ=0 gives:
∂u
∂α

∣

α ,δ=0

=

∂u
∂δ

∣

=1

(9-27)

α ,δ=0

which satisfies equation (9-4).
9.8.4

Inverse Projection

The inverse projection is usually defined as:
2

α = 2 atan2(ru , 2( 2 r −1))

(9-28)

δ = arcsin (rv )

(9-29)

where:
2

2

u
v
2
r = 1 −( ) − ( )
4
2

(9-30)

The inverse projection of a point (u,v) exists unless the point is outside the bounding
ellipse. Hence the point is valid if:
2

r ≤1
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The above definition may be transformed into a vector form without trigonometric
functions, using equation (2-1), as follows:
= sin δ
= rv

z

x =
=

(9-31)

cos δ cos α
b cos(2 atan2( a , c))
2

=
y =
=
=

2

b(c −a )
2

c +a

(9-32)

2

cos δsin α
b sin (2 atan2( a ,c))
2 abc
c2 +a 2

(9-33)

where:
a = ru
b = √ 1− z

2

2

c = 2( 2 r −1)

9.9

Graphics Primitives

The SkyPane class provides a set of methods for drawing various useful shapes, mapped
by the associated projection. These include straight lines, great circles, small circles and
eigenaxis rotation paths between two quaternions28. There is also a method for drawing a
projected coordinate grid. Implementing these as graphic primitives allows them to be
optimized.
The general approach is to draw a line a sequence of short straight-line segments, using
the projection to map each point. The number of segments into which a line is divided
depends on the zoom level and the window size, so that the segments are not visible.
Additional clipping may also be applied where appropriate.

The eigenaxis path is simply obtained by spherical linear interpolation (SLERP) between the two
quaternions.
28

HSC
Development

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
90

10 Optimisation and Automatic Scheduling
10.1 Introduction
The SMPS was designed to support both manual and automatic scheduling, although the
automatic scheduling was never completed. The rationale was that fully automatic
scheduling is not sufficient on its own, because it is impossible to foresee all the special
requests that may impose one-off scheduling constraints. It is important that the automatic
scheduler is integrated with the manual scheduling system in such a way that the human
mission planner remains in control and has the ability to manually schedule special
observations.
A Herschel schedule will typically contain about 30 observations selected from several
thousand candidate observations. This precludes the possibility of exhaustive search. For
example, finding the optimum order for 30 observations to minimize slew time29 would
require trying 30! (≈ 2.6 x 1032) possibilities, which would take much longer than the age
of the Universe.
Two approaches that are well suited to combinatorial optimisation problems of this nature
are simulated annealing and genetic algorithms. They are both driven by a cost function
(objective function). For example, these approaches can be used to optimise a schedule by
re-ordering the observations to achieve (near) minimum slew time. Complete schedules
can be generated by starting the optimisation with an empty schedule or one containing
some manually scheduled observations.
These algorithms have several properties which make them attractive for the SMPS
scheduler:
•

It is possible to solve complex optimisation problems without a theoretical model.

•

They are very general approaches, which can handle arbitrary optimisation criteria
and constraints.

•

The optimisation is driven by a user-defined cost function, which expresses the
definition of a 'good schedule'. It is possible to have a number of cost functions to
achieve different goals.

•

Unlike simple hill-climbing optimisation, which can become stuck at local minima,
these techniques attempt to find a global minimum.

•

Being iterative techniques, it is possible to stop the optimisation at any time and
accept the best solution so far, thereby trading speed for optimality.

•

If the result is not good enough, it is possible to repeat the optimisation. A different
result may be obtained, because of the statistical nature of the algorithms.

Simulated annealing and genetic algorithms would both be suitable for the intended
application. However, genetic algorithms have the added complication that a suitable

29

This is similar to the well known Travelling Salesman Problem.
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coding must be devised for expressing the schedule (phenotype) in the form of genes
(genotype). Consequently, simulated annealing was selected for the initial design.
10.2 Simulated Annealing
10.2.1 Overview
Simulated annealing is a Monte Carlo technique for solving combinatorial optimisation
problems. It is analogous to the process of annealing in which a material is melted and
cooled slowly [RD10, RD11].
An initial feasible30 solution is generated, either randomly or by another optimisation
technique. The method proceeds by iteratively improving the solution, although at each
step there is a small probability that a step will be taken away from the optimal solution.
This prevents the iteration getting stuck at local minima. The probability of backward
steps reduces as the temperature of the system is reduced during the annealing process.
A new solution S i 1 is generated by randomly perturbing the current solution S i . The old
solution is always replaced by the new one if the cost is lower. However, if the cost is
higher it may still be replaced, provided that:
  exp 

 S i − S i1 

T

(10-1)

where:
 is the objective (cost) function
T is the temperature of the system
 is a random number  01
The temperature starts at a high value and is slowly reduced using a cooling schedule.
Enough iterations n are performed at each temperature to approach equilibrium. The
simulated annealing continues until some stopping criterion is reached.
10.2.2 Cooling Schedule
An exponential cooling schedule is used, as follows:
T i1= T i
n i1 = ni

01
≥1

(10-2)

where n i is the length of the Markov chain (i.e. number of iterations) at temperature T i .
If the cooling rate is too high, the solution may get stuck at a local minimum. If it is too
low, the algorithm will take an unnecessarily long time to run. Some experimentation is
typically needed to find a suitable value. Currently, the following values are used:
Solutions that satisfy the constraints are called feasible solutions. A feasible solution with the
minimum value of objective function is called an optimal solution.
30

HSC
Development

Doc. No
Issue
Date
Page

HERSCHEL-HSC-DOC-741
1.2
19.04.12
92

=0.998
=1
n1=200

10.2.3 Initial Temperature
The annealing should start at a temperature that is high enough to correspond to a
completely molten state. If the initial temperature is too high, the algorithm will waste
time during the initial cooling. If it is too low, the solution may get stuck at a local
minimum.
The temperature should be high enough that uphill transitions have almost the same
probability as downhill transitions. A random walk through the state space is performed by
running the simulation for a few hundred steps at an infinite temperature31. This allows the
standard deviation  of the difference in energy between a random state and its neighbours
to be estimated.
The initial temperature is then estimated by:
T 0=

−
ln  p 

(10-3)

where p is the probability of an uphill transition being accepted.
10.2.4 Stopping Criterion
It may be difficult to determine when to stop the algorithm, because the freezing
temperature is generally not known in advance. There is little point in continuing once the
system freezes because the probability of further improvement becomes negligible.
The current implementation stops when a given number of successive temperature steps
have been tried without any improvement in the solution.
A related problem is how to estimate the progress of the algorithm so that a progress bar
may be displayed to the user. This is important as the optimisation may take several
seconds or even minutes. If the entropy can be estimated, the progress can be calculated
such that 100% progress corresponds to an entropy of zero. In practice, the final entropy is
higher than zero and the optimisation stops just before the progress bar reaches the end.
The progress at step n is currently calculated as follows:
p= 1−

Sn
×100%
S0

(10-4)

The entropy S n at step n is calculated using the second law of thermodynamics, as follows:
n

S n=S 0− ∑
i=1

31

 Ei
Ti

i.e. uphill transitions are always accepted

(10-5)
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For optimising the order of N observations with no constraints, the initial entropy may be
obtained from32:

S 0=ln N !

(10-6)

10.2.5 Move Set
The annealing process involves randomly perturbing the solution to give a new solution.
The kind of perturbation (or move) used depends on the type of optimisation being
performed. For example, to reorder the observations in a schedule to minimize slew time,
a suitable move would be to swap two adjacent observations in the schedule.
In general, there is a set of perturbation functions, known as a move set. At each step of the
algorithm, a move is randomly selected from this move set and applied to perturb the
schedule. The algorithm may be tuned by assigning different probabilities to each of the
moves.
The following would be a simple move set for automatic scheduling:
1. Add a randomly selected candidate observation to the schedule
2. Remove a randomly selected observation from the schedule
3. Swap two adjacent observations in the schedule
The neighbours of a state are those states that can be reached by application of a single
move. The choice of the move set is important so that it is possible to go from the initial
state to the final state with a short sequence of moves. Also, the probabilities associated
with these moves must not be too small.
For example, it would be possible to optimise the order of a schedule using just moves 1
and 2 given above, but swapping two observations would require two moves, with the first
one making the cost worst before it could get better again. The probability of the first
move would decrease rapidly with temperature. Adding move 3 to the move set makes the
algorithm converge more rapidly, without getting stuck in local minima.
In effect, the move set determines the topology of the search space. The move set should
generally be designed such that the neighbours of a state s have a similar energy to s. For
example, to optimise the order of observations, it is better to swap two adjacent
observations than to swap two randomly selected observations in the schedule.
10.2.6 Constraints
Scheduling involves a number of constraints on the allowed placement of observations.
Hence, a move may result in an infeasible schedule. One possibility is to repeatedly try
moves until a feasible solution is found. However, the time taken by the algorithm
increases as the percentage of rejected infeasible moves increases.
Note that this approach does not work if the constraints cause the feasible search space to
be disjoint. In this case, it may not be possible to move from one feasible state to another,
The cost is likely to differ going round the path in opposite directions, since observations typically
start and end at different attitudes. Unlike the Travelling Salesman Problem, there is a fixed starting point.
32
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without going via infeasible states. In some cases, this may be overcome by redesigning
the move set. An alternative is to regard constraint violations as high but finite costs, by
using a modified cost function that takes the constraints into account. A further refinement
is to make the cost associated with constraint violations inversely proportional to
temperature, so that the search tends to increasingly concentrate on feasible solutions as
the temperature falls.
10.2.7 Enhancements
A number of enhancements to the basic simulated annealing algorithm are possible, such
as:
•

The process may get stuck in a local minimum, particularly if the cooling rate is
too high. In such cases, it is possible to reheat the system and repeat part of the
process.

•

The cooling rate and length of the Markov chains may be adjusted dynamically
based on statistics gathered during the annealing, rather than following a fixed
cooling schedule.

•

Heuristics may be employed to build problem-domain specific knowledge into the
process in order to speed up the annealing process.

Such enhancements may be investigated at a later date once the system is working.
10.3 Cost Function
A simple cost function  s may be a weighted sum of the costs associated with
individual optimisation criteria, for the schedule s:
 s=∑ w i c i  s 
i

(10-7)

Each component cost c i is multiplied by a weight wi which defines its relative importance.
One criterion which must be optimised is the total amount of time t spent on pointed
observations. Also, it is better to spend time on observations which have a higher grade.
These factors may be expressed in the form of a cost function as follows, by summing
over the observations in the schedule:
c 1=1−

1
∑g t
tw j j j

(10-8)

where t j is the duration of observation j
g j is the grade of observation j  g ∈[ 0,1 ]
t w is the total time available
Note that the function to be maximised is normalised to the range [0,1] and then subtracted
from 1 to convert it into a cost to be minimised.
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Other terms may easily be incorporated into the cost function. For example, if it were
desired to keep the Solar Aspect Angle  close to 90 degrees, the following cost could be
included:

∣90−γ∣

c 2=

30

In this case, the denominator normalises the cost to be in the range [0,1] over the expected
range of angles.
Costs may also be given non-linear weightings, so that they increase more rapidly as the
solution deviates from the optimum. For example:
c ' i=c 2i

There are likely to be a number of different cost functions and move sets to perform
different tasks. For example:
•

Minimising slew time by reordering a schedule: A simple swap move may be
sufficient with a cost function that measures the total slew time.

•

Generating a schedule automatically: A set of moves is needed with a cost function
that takes into account factors such as those described above.
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11 Appendix A: Variation of Roll Angle
11.1 Variation with Time
The relative position of the Sun moves at about 1° per day. This results in a small change
in the roll angle  throughout the duration of the observation.
Consider the nominal Sun vector in the ACA frame when  , =0,0 :
ACA

v sun =[0,0,1]

Now pitch the spacecraft about the Y axis by angle  :
ACA

'

v sun =R y  

ACA

v sun

Then let the Sun move by 1°:
ACA

'
ACA
v 'sun
= R y R x 1 o  R−1
v sun
y Ry

From this,  can be calculated as shown earlier:
=atan2

v 'y'
v 'z'



The worst case change in  is 1.15° per day, which occurs when ∣∣ is its maximum value
of 30°. The maximum duration of an observation is 21 hours, with a nominal 24 hour
operational day. Hence, the maximum excursions of roll angle are about ±0.5°.
11.2 Variation across Raster
The roll angle also varies with position in a map or line-scan, for a given time. This is
inherent in the way that the attitudes of raster points are computed by the ACMS (see
section 3.10).
Figure 11.1 shows how the roll angle varies across a 4x4 degree raster33. The two rasters
on the left hand side are centred on  =0 , with tilt angles of 0 and 45°. The two rasters on
the right have the β at the centre chosen such that the largest  is 30°. The worst case roll
angle of ±1.45° occurs for a tilt angle  of 45° and =±30o .
Figure 11.2 shows similar results for a 20x4 degree line-scan. The worst case  angle is
now ±5.64°. Strictly, for a line-scan, the roll angle must remain within limits for the whole
line, including the acceleration and coast, scan and deceleration. Consequently, the roll
angle variation is slightly larger than shown.
To these figures must be added34 the variation with time, as the relative position of the Sun
changes, which can be ±0.53° for a 24 hour observation.
33

The maximum size of a 32x32 raster with 480 arcsecond point spacing is 4.133 degrees.

34

It is not strictly correct to add these angles, but the result is approximately right.
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Figure 11.1: Variation of alpha angle (degrees) across 4°x4° raster
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See [RD6, §9.5.4] for further information.
These results were computed as follows:
Consider the nominal Sun vector in the ACA frame when  , =0,0 :
ACA

v sun =[0,0,1 ]

Now pitch the spacecraft about the Y axis by angle  :
ACA

Qc =R y   

A raster point at offset  (see section 3) with tilt angle  is described by:
Q t=Qc Q Q Q−1


From which the  angle can be calculated as follows:

v=Q−1
t v sun Q t
=atan2 

vy

vz
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12 Appendix B: Converting Rotations
12.1 Rotation Matrix to/from Euler ZYX Angles
An Euler ZYX sequence can be expressed as the product of three active rotation matrices:

[

][

][

c  −s  0 c  0 s  1 0
0
R z  R y   R x   = s  c  0 0 1 0 0 c  −s 
0
0 1 −s  0 c  0 s  c 

]

where c  = cos , s  = sin  and similarly for  and  .
Multiplying the 3 matrices gives35:

[

] [

m00 m01 m 02
c  c  c  s  s  −s  c 
m10 m11 m12 = s  c  c  c  s  s  s 
m20 m21 m 22
−s 
c s

s s  c  s  c 
s s  c  −c  s 
c c

]

(12-1)

This allows a ZYX sequence of Euler angles to be converted into a rotation matrix.
By inspection of equation (12-1), an orthonormal rotation matrix may be converted into a
ZYX sequence of Euler angles as follows, where atan2  y , x  is the 4-quadrant arc-tangent
with range [− ,  ] :
 =
 =
 =

atan2 m10, m00 
arcsin−m20 
atan2 m21, m 22

(12-2)

When sin  =±1 ,  and  are rotations about the same axis:
−atan2 m01, m11  =

{

− ,
 ,

s  =1
s  =−1

(12-3)

We may then arbitrarily choose =0 or =0 .
When converting a matrix to Euler angles, it is important that the matrix is orthonormal
with a determinant of +1. Otherwise, for example, small errors in the term m 20 may lead to

a significant error in  when ≈± 2 .

35

The matrix rows and columns are numbered from 0, for consistency with the Java implementation.
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12.2 Rotation Matrix to/from Euler XYZ Angles
An Euler XYZ sequence can be expressed as the product of three active rotation matrices:

[

][

][

1 0
0
c  0 s  c  −s 0
R x   R y   R z  = 0 c  −s  0 1 0 s  c  0
0 s  c  −s  0 c  0
0 1

]

Multiplying the 3 matrices gives:

[

] [

m00 m01 m 02
c c
−s  c 
s
m10 m11 m12 = c  s  s  s  c  c  c  − s s  s  −c  s 
m20 m21 m 22
s s  −c  s  c  s s  c  c  s  c  c 

]

(12-4)

As expected, this is simply the transpose of the previous result, with the signs of all the
sine terms negated.
Hence:
 =
 =
 =

atan2−m 01, m00 
arcsin m02 
atan2−m 12, m22 

(12-5)

When sin  =±1 ,  and  are rotations about the same axis:
atan2m10, m11  =

{

 ,
− ,

s  =1
s  =−1

(12-6)

We may then arbitrarily choose =0 or =0 .
12.3 Euler ZYX Angles to Quaternion
An Euler ZYX sequence of angles  ,  ,  may be converted to a quaternion as follows:
[ x , y , z , w ] = [0,0, s  , c  ] [0, s  , 0, c  ] [s  , 0,0, c ]


where c  = cos  , s = sin   and similarly for  and  .
2
2

Multiplying the three quaternions gives:
x
y
z
w

= −c  s  s   s  c  c 
= c  s  c   s c  s 
= c  c  s − s s  c 
= c c  c   s s s

(12-7)
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12.4 Quaternion to Euler ZYX Angles
A quaternion [ x , y , z , w] may be converted to an Euler ZYX sequence as follows:

[
[

2 xy zw
x w 2− y 2− z 2

 = −asin

2 xz − yw
x  y 2z 2w 2

]
]

[

2 yz  xw
2
2
2
z w −x − y

]

 =

atan2

 =

atan2

2

2

2

(12-8)

This may be derived from equation (12-7). The result is valid even if the quaternion is not
normalized.
When  = ±
−atan2

[


,  and  are rotations about the same axis:
2

] {

2 xy− zw 
− ,
=
2
2
2
 ,
y w − x − z
2

= /2
=− /2

(12-9)

We may then arbitrarily choose =0 or =0 .
12.5 Quaternion to Matrix
A quaternion [ x , y , z , w ] may be converted to a rotation matrix as follows:
m 00
m 01
m 02
m 10
m 11
m 12
m 20
m 21

=
=
=
=
=
=
=
=

m 22 =

w 2 x 2 − y 2−z 2
2 xy− zw
2 xz  yw
2 xy zw
w 2 y 2− x 2−z 2
2 yz − xw
2 xz − yw
2 yz  xw
2

2

2

w z −x − y

(12-10)

2

This can be derived from equations (12-1) and (12-7).
The quaternion should be normalized to ensure that the resulting matrix represents a pure
rotation.

