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Session 3 - Correlation in the data

Section 1 ~30 Mins

Section 2 ~40 Mins

Section 2.1 ~40 Mins

Section 3 ~30 Mins

Motivation - Correlation in the data

An introduction to a Gaussian Process

Applying Gaussian Processes

An introduction to Celerite
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KEY TAKE AWAYS FROM THIS WEEK/SESSION:

e NOISE CAN BE CORRELATED AS A RESULT OF PHYSICAL PROCESSES

e DON'T NEGLECT CORRELATION

e A GP IS AN EXTENSION OF A MULTIVARIATE NORMAL DISTRIBUTION

e A GP HAS VERY INTERESTING PROPERTIES THAT WE CAN USE TO MODEL CORRELATED NOISE

 [HERE ARE A BUNCH OF GP SOFTWARE IMPLEMENTATIONS BUT ONE THAT TIES IN NICELY

WITH A PHYSICAL INTERPRETATION IS CELERITE

M
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MOTIVATION - [IME SERIES ANALYSIS
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MOTIVATION - [IME SERIES ANALYSIS
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MOTIVATION - [IME SERIES ANALYSIS
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MOTIVATION - CORRELATED

pearsonr=0.34;p=0

DATA BASICS
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MOTIVATION - CORRELATED DATA BASICS

pearsonr=0.34;p=0
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MOTIVATION - CORRELATED DATA BASICS

pearsonr=034;p=0

(i +y) = p(x) + u(y)

. o*(z +y) = 0" (x) + 07 (y) + 2cov(,y)
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pearsonr=0.34;p=0

p(y) = det(27)"7 exp(—1(y — E(y — p)")
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MOTIVATION - [IME SERIES ANALYSIS

e NOISE CAN BE CORRELATE

KEY TAKE AWAYS:

PHYSICALLY, THE CURRENT STATE

e FOR SOME THIS IS NOISE

 FOR OTHERS THIS IS SIGNAL

DEPEN

D BUT WE CAN DEAL WITH THIS

DS ON THE PREVIOUS STATE
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GP’'S - SOURCES OF INFORMATION

e HTTP://WWW.GAUSSIANPROCESS.ORG/GPML/ RASMUSSEN & WILLIAMS
2006

* YOU TUBE - | CUNNINGHAM : MLSS 2012

 YOU [UBE - RICHARD TURNER : ML TUTORIAL GAUSSIAN PROCESSES

o HTTP://KATBAILEY.GITHUB.IO/POST/GAUSSIAN-PROCESSES-FOR- m

DUMMIES/
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http://www.gaussianprocess.org/gpml/
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Multinomial
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DEFINITION OF A GP

L OOSELY - A MULTIVARIATE GAUSSIAN OF INFINITE LENGTH




DEFINITION

NOT SO LOOSELY:

f is a Gaussian process if f(£) = [f(¢1),...,f(t,)] has a multivariate normal distribution for all t = [¢{,...,¢,]:

f® ~ N(m@®), K1)
Where m(t) is any function that maps any ¢ index to a real value.

K(2,1) is the kernel, or covariance, function. Must be a positive semidefinite matrix.

K(t,t) = {k(t;, 1)) }ij=1..n

/k‘\
{ )
So k(t;, t;) is a function that we can define. ) 5
5 . . 129
Every finite subset of the domain ¢ has a multivariate normal f(f) ~ N (m(f), K(z, ©)).
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APPLYING GAUSSIAN PROCESSES

Baye's rule

for: - likelihood X prior
PUSICIIOL = marginal likelhood
X, w)p(W)
p(wly, X) = Py X,w)p
/Py X, w)p(w)dw \

NOTE: FORM FROM RWO06

ﬁ | _-/J ' ] .
PVERY. fk/ NA— B ;—




APPLYING GAUSSIAN PROCESSES

Setup a GP

The Mean function: m(f) = 0
: 1 2
The kernal function: k(#;, ;) = o2 exp(—ﬁlt,- — )

K(t,t) = {k(ti,tj) }ij=1..n

J(@) ~ GP(m(1), K(1, 1))

KERNEL CHOICE: SE, MORE LATER

Baye's rule

terior — likelihood X prior
pOSterion = marginal likelhood
(yIX,w)p(W)
wly, X) = £
PIWY. X) = s Xwpwaw
N A
ﬂ \fh/‘ /J i H__




APPLYING GAUSSIAN PROCESSES

Set up a GP

The Mean function: m(z) = 0
The kernal function: k(#;, ;) = o2 exp(—#lti — th2 )

K(t,t) = {k(t;, 1) }ij=1..n

J(@) ~ GP(m(2), K(1, 1))

KERNEL CHOICE: SE, MORE LATER

Baye's rule

terior — likelihood X prior
pOSterion = marginal likelhood
p(ylX,w)p(w)
wly, X) =
PIWY. X) = s Xwpwaw
/ k\
{/ \}
|
\ ]
}550
JL /7 — 5
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Baye's rule
APPLYING GAUSSIAN PROCESSES

likelihood X prior
marginal likelhood

p(ylX,w)p(w)
[ p(yIX,w)p(w)dw

posterior =

p(wly, X) =
KERNEL CHOICE:

* FUNCTIONAL FORM OF THE KERNEL DEFINES THE

TYPES OF FUNCTIONS YOU WILL GET.
e CHOOSE YOUR KERNEL WISELY.

e [HIS SE KERNEL HAS TWO PARAMETERS.

¢ |[HISIS THE POINT AT WHICH YOU ENCODE YOUR A

/
PRIOR KNOWLEDGE. j E
\

/«/ﬂ‘m/’[ Al L




APPLYING GAUSSIAN PROCESSES

Baye's rule

terior — likelihood X prior

pOSterion = marginal likelhood
_ pyX,w)p(w)

POV X) = X wpimn




Baye's rule
APPLYING GAUSSIAN PROCESSES

terior — likelihood X prior

4 pOSterion = marginal likelhood
_ p(yX,w)p(w)

3 | | P X) = o ywptman

|HE PRIOR - FOR THIS KERNEL




Baye's rule
APPLYING GAUSSIAN PROCESSES

terior = likelihood X prior
pOSterion = marginal likelhood
4
p(ylX,w)p(w)
wly, X) =
P ( Y, ) [p(yIX,w)p(w)dw

5
-
.*a 5 0

POSTERIOR




Baye's rule

APPLYING GAUSSIAN PROCESSES

likelihood X prior

marginal likelhood
p(ylX,w)p(w)

[p(yIX,w)p(w)dw

erior

post
p(wly, X)

POSTERIOR




Baye's rule
APPLYING A MULTIVARIATE NORMAL PRIOR

terior — likelihood X prior
n = 100 postenor = marginal likelhood
mu = np.zeros(n)
p(ylX,w)p(w)
Sigma = np.zeros([n, n wly, X) =
1 iIm10 d (e ml p( ¥, %) [ p(ylX,w)p(w)dw

for 1 in range(n):
for j in range(n):
Sigma[i, j] = np.exp(-0.5 * np.abs(i = j)**2 / 1**2)
fig, ax = plt.subplots(figsize=[16,9])

X = np.array([50, 30, 90])

y = np.array([0.0, 0.1, =0.2])

yerr = np.array([0.1, 0.1, 0.1])

for 1 in range(24000):
p = np.random.multivariate normal (mu, Sigma, 1)
L=1.0/ (2.0 * np.pi * yerr**2)**0.,5 * np.exp(-0.5 * (p[0][xX] - y)**2 / yerr**2)
if np.random.rand() < np.prod(L):

ax.plot(np.arange(len(p[0])) + 1, [n for n in p[0]], 'k-', alpha=0.2)
ax.errorbar(x+l, y, yerr=yerr, c='r', zorder=99, linestyle='none’)
ax.set xticks([])
ax.set ylim([-4, 4])
ax.set xlabel('t")
fig.savefig( 'posterior2 SE.png')




Baye's rule
APPLYING GAUSSIAN PROCESSES

likelihood X prior

posterior =

marginal likelhood

HERE COMES THE MAGIC:

WHAT IF THERE WAS A WAY TO EVALUATE ALL THE
FUNCTIONS FOR A GIVEN PRIOR!

-1

-2

-3

n = 100
mu = np.zeros(n)
Sigma = np.zeros([n, n])
1=10
for i in range(n):

for j in range(n):

Sigma[i, j] = np.exp(-0.5 * np.abs(i - j)**2 / 1**2)

fig, ax = plt.subplots(figsize=[16,9])

X = np.array([50, 30, 901])
y = np.array([0.0, 0.1, -0.2])
yerr = np.array([0.1, 0.1, 0.1])
for i in range(24000):
p = np.random.multivariate normal(mu, Sigma, 1)
L=1.0/ (2.0 * np.pi * yerr**2)**0.5 * np.exp(-0.5 * (p[0][xX] - y)**2 / yerr**2)
if np.random.rand() < np.prod(L):
ax.plot(np.arange(len(p[0])) + 1, [n for n in p[0]], 'k-', alpha=0.2)
ax.errorbar(x+l, y, yerr=yerr, c='r', zorder=99, linestyle='none')
ax.set_xticks([])
ax.set_ylim([-4, 4])
ax.set_xlabel('t')
fig.savefig('posterior2_SE.png')
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Baye's rule
APPLYING GAUSSIAN PROCESSES

likelihood X prior

posterior =

marginal likelhood

HERE COMES THE MAGIC:

WHAT IF THERE WAS A WAY TO EVALUATE ALL THE
FUNCTIONS FOR A GIVEN PRIOR!

p(yIX) = [ p(yIf. X) p(fIX) df

-2

-3

n = 100
mu = np.zeros(n)
Sigma = np.zeros([n, n])
1 =10
for i in range(n):

for j in range(n):

Sigma[i, j] = np.exp(-0.5 * np.abs(i - j)**2 / 1**2)

fig, ax = plt.subplots(figsize=[16,9])

X = np.array([50, 30, 901])
y = np.array([0.0, 0.1, -0.2])
yerr = np.array([0.1, 0.1, 0.1])
for i in range(24000):
p = np.random.multivariate normal(mu, Sigma, 1)
L=1.0/ (2.0 * np.pi * yerr**2)**0.5 * np.exp(-0.5 * (p[0][xX] - y)**2 / yerr**2)
if np.random.rand() < np.prod(L):
ax.plot(np.arange(len(p[0])) + 1, [n for n in p[0]], 'k-', alpha=0.2)
ax.errorbar(x+l, y, yerr=yerr, c='r', zorder=99, linestyle='none')
ax.set_xticks([])
ax.set_ylim([-4, 4])
ax.set_xlabel('t')
fig.savefig('posterior2_SE.png')
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Baye's rule
APPLYING GAUSSIAN PROCESSES

likelihood X prior
marginal likelhood

posterior =

Formal justification

Consider normal regression problems (non-linear)

y(t) = f(t) + €0y

p(e) = N (0, 1)

Here we place a prior over the non-linear function:

p(f(l6) = GP(0, K(t,t"))

Now, the sum of Gaussian variables is a Gaussian. This results in a GP over y(?).

n = 100
mu = np.zeros(n)
, 2 Sigma = np.zeros([n, n])
— 1 =10
— , ’ y for i in range(n):
for j in range(n):
Sigma[i, j] = np.exp(-0.5 * np.abs(i - j)**2 / 1**2)
fig, ax plt.subplots(figsize=[16,9])
X = np.array([50, 30, 901])
y np.array([0. Wodlp 1)
r np.array([0.1, 0.1 .11)
i in range(24000):
P np.random.multiv ate_normal( )
L 1.0 / (2.0 * np. * yerr**2) ( (P[01[x] y)**2 /
if np.random d() p.prod(L)
ax.plot(np.arange(len(p[0])) [ [0]1] "o )
rrorbar (x+1, rr=yerr, c='r', e')
et xticks([])
_ylim([-4, 4])
abel('t")
fig.savefig('posterior2 SE.png' )
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APPLYING GAUSSIAN PROCESSES -

p(yl,yz>=N([:] | [; f*D

HE LIKELIHOOD FUNCTIONS
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APPLYING GAUSSIAN PROCESSES - [ HE LIKELIHOOD FUNCTIONS

p<y1,yz>=N([:] | [;‘ lch

var(yi o) cov(y1,0,¥1,1) --- COV(¥1,0,Y1.n)
| cov(y1,15¥1,0) var(yy, ) o COV(YL1sYV1m)
coOV(Y1,n5Y1,0) . - var(y; )




APPLYING GAUSSIAN PROCESSES - [ HE LIKELIHOOD FUNCTIONS

p(yl,yz>=N([:] ’ [; gD

var(yro)  cov(yio0,y1,1) ... €ov(¥10,Y1,n)
_ | covOhiisyie)  varQu) ... oV, Yia)
cOV(Y1,n5 ¥1,0) e oo var(yyg)

var(yz) cov(y2,0,¥21) .- €OV(Y20,Yom)
| cov(y2,1,¥20) var(yy,1) . COV(Y215Y2,m)
covV(Y2,m» ¥2,0) o oo var(yym)

A w/\ﬁ/f\w/i




APPLYING GAUSSIAN PROCESSES - [ HE LIKELIHOOD FUNCTIONS

p(yl,yz>=N([:] | [; gD

var(y; o) cov(y1,0,Y1,1) --- COV(Y1,0,Y1.n) cov(y1,0,¥20) Ccov(yi0,¥21) ... €ov(¥1,0,Y2.n)
| cov(y1,15¥1,0) var(yy,1) oo COV(YL1> V1) B_ cov(y1,1,¥20) Cov(y1,15,¥21) .- COV(Y11,Y2n)
cOV(Y1.n>V1.0) ... ... var(y; ) coOV(Y1.m» ¥2.0) COVY1.ms Von)

var(y, ) cov(y20,¥21) ... COV(Y20,Vom) |

cov(y2.1,¥2,0) var(y, 1)

cOV(Y2.m» Y2.0)

cov(ya.1, Yo.m)

var (yZ,m)

A 'ﬂ‘w/\A/J ey,




APPLYING GAUSSIAN PROCESSES - [ HE LIKELIHOOD FUNCTIONS

p<y1,yz>=N([:] | [;‘ i])
] (] el)

p(y1) = [ p(y2,y1) dy2

SO

.




APPLYING GAUSSIAN PROCESSES - [ HE LIKELIHOOD FUNCTIONS

p<y1,Yz>=N([:] ’ [;} gD
- (6 )

p(y1) = [ p(y2,y1) dy>
S 9

P(yl) — N(aaA)




APPLYING GAUSSIAN PROCESSES - MAKING PREDICTIONS

P(¥15Y2)
p(y1)

p(y2ly1) =

p(y1,y2) =N (

L cl)
c| |BT C
p(y2ly1) = N(c + BA™!(y; —a),C — BA~'B")

p(y2ly1) = N(BA~'(y1),C — BA™' BY)




APPLYING GAUSSIAN PROCESSES - MAKING PREDICTIONS

pP(y15¥2)
p(y1)

p(y2ly1) =

p(y1,y2) =N (

|17 o)

p(y2ly1) = N(c+ BA™'(y; — a),C — BA™'B")

p(y2ly1) = N, C — BA~1BT)

A linear operator on y1 20




APPLYING GAUSSIAN PROCESSES - MAKING PREDICTIONS

pP(y15¥2)
p(y1)

p(y2ly1) =

p(y1,y2) =N (

|17 o)

p(y2ly1) = N(c+ BA™'(y; — a),C — BA™'B")

p(y2ly1) = @G

{ )
Constraint from new \ . 5
A linear operator on y1 Your Prior iInformation 0.




APPLYING GAUSSIAN PROCESSES - MAKING PREDICTIONS

p(¥1,¥2) 15 -

p(yaly1) = =3

10 -

a A B
c| |BT C .

0.0 -

p(y1,¥2) =N (

p(y2ly1) = N(c + BA™!(y; —a),C — BA~'B")
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APPLYING GAUSSIAN PROCESSES

KERNEL CHOICE: W
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APPLYING GAUSSIAN PROCESSES

HYPERPARAMETERS

e KERNELS HAVE PARAMETERS WHICH WE WILL CALL

HYPERPARAMETERS.

e HYPERPARAMETERS CAN HAVE A BIG IMPACT. :

e WANT TO ESTIMATE HYPERPARAMETERS!

arg max log p(yl6)
0




APPLYING GAUSSIAN PROCESSES
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APPLYING GAUSSIAN PROCESSES




Session 3 - Correlation in the data

Section 1 ~30 Mins

Section 2 ~40 Mins

Section 2.1 ~40 Mins

Section 3 ~30 Mins

Motivation - Correlation in the data

An introduction to a Gaussian Process

Applying Gaussian Processes
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CELERITE

celerite

celerite \se.le.si.te\ noun, archaic literary
A scalable method for Gaussian Process regression. From French célériteé.

https://celerite.readthedocs.io/en/stable/

https://github.com/dfm/celerite




CELERITE

celerite

celerite \se.le.si.te\ noun, archaic literary

A scalable method for Gaussian Process regression. From French célérité.

A SCALEABLE METHOD FOR 1D GAUSSIAN PROCESS REGRESSION

® ALl THE GOOD STUFF IS UNDER THE HOOD.

® CELERITE IS FAST O(N, I2). N IS NUMBER OF DATA POINTS, | IS

NUMBER OF COMPONENTS.
® CELERITE HAS KERNELS THAT REPLICATE PHYSICAL

PROCESSES.

w
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CELERITE

A SCALEABLE METHOD FOR 1D GAUSSIAN PROCESS REGRESSION

® BUILD KERNELS (SUM COMPONENTS)
® (JSE MEAN MODEL FUNCTIONS

® (GET LIKELIHOOD VALUES

® FXPLORE PARAMETER SPACE WITH THE ALGORITHM OF YOUR CHOICE

(E.G., SCIPY, MCMC, EMCEES ...)

W
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CELERITE - KERNEL EXAMPLES - REAL TERM

k(ti, tj) = aexp(—c lti — tj|)

a=1, c=0.01




CELERITE - KERNEL EXAMPLES

Index




CELERITE - KERNEL EXAMPLES - WHITE NOISE (JITTER IN CELERITE)

Index




CELERITE - SHO TERMS

2

Frequency

W
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CELERITE - SHO TERMS
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CELERITE - SHO TERMS

S(w) = /2

yindex

Index




CELERITE - SHO TERMS

S(a)) — 2 —Soa)o

2

Power

10°
1071
10°¢
103

107% -

- Q= 0.7071067811865475

10?
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CELERITE - SHO TERMS

So(l)4
S(w) = \/Z .
/ (a;2—a)3)2+a)(2)a)2/Q2

IIIII




CELERITE - TERM ADDITION

IIIII
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CELERITE - TERM ADDITION

IIIII

IIIII

|[GNORE THE SCALE NXM
ISSUE ...

yindex

Index




CELERITE - MEAN FUNCTION EXAMPLES

MEAN FUNCTIONS ARE USEFUL FOR DETERMINISTIC FUNCTIONS
® PLANET RV SIGNAL

® PLANET TRANSIT SIGNAL

® VERY HIGH (2 PULSATIONS

® ALIEN (DELIBERATE) COMMUNICATION SIGNALS

0




CELERITE - LIKELIHOOD CALLS

A SCALEABLE METHOD FOR 1D GAUSSIAN PROCESS REGRESSION

® (GET LIKELIHOOD VALUES

p(yl,yz>=N([:] ’ [; gD
- (E L 2))

p(y1) = / p(y2,y1) dy>

SO

p(y1) = N(a,A).

,gl c)
0




CELERITE - LIKELIHOOD CALLS

A SCALEABLE METHOD FOR 1D GAUSSIAN PROCESS REGRESSION
® (GET LIKELIHOOD VALUES
® CELERITE INCLUDES A BASIC PRIOR FUNCTIONALITY (E.G., BOUNDS)

® YOU MIGHT WANT TO APPLY MORE ELABORATE PRIORS

20




CELERITE - EXPLORING THE PARAMETER SPACE

VARIOUS WAYS TO EXPLORE THE
PARAMETER SPACE

o MLE

o MICMC

® NESTED SAMPLING

® INTEGRATION

0




CELERITE - MAKING PREDICTIONS

A SCALEABLE METHOD FOR 1D GAUSSIAN

PROCESS REGRESSION

® CELERITE INCLUDES A PREDICT METHOD 10 -

® COUPLE PREDICT WITH YOUR POSTERIOR
INFERENCE

® DECIDE WHAT YOU WANT TO SHOW (I.E., -10 -

INCLUDING OR EXCLUDING OBSERVATIONAL

UNCERTAINTY)

posterior predictions

0 250 500 750 1000 1250 1500 1750 2000
t

A/\ML




Session 3 - Correlation in the data

Section 1 ~30 Mins

Section 2 ~40 Mins

Section 2.1 ~40 Mins

Section 3 ~30 Mins

Motivation - Correlation in the data

An introduction to a Gaussian Process

Applying Gaussian Processes

An introduction to Celerite
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KEY TAKE AWAYS FROM THIS WEEK/SESSION:

e NOISE CAN CORRELATED AS A RESULT OF PHYSICAL PROCESSES

e DON'T NEGLECT CORRELATION

e A GP IS AN EXTENSION OF A MULTIVARIATE NORMAL DISTRIBUTION

e A GP HAS VERY INTERESTING PROPERTIES THAT WE CAN USE TO MODEL CORRELATED NOISE

 [HERE ARE A BUNCH OF GP SOFTWARE IMPLEMENTATIONS BUT ONE THAT TIES IN NICELY

WITH A PHYSICAL INTERPRETATION IS CELERITE
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