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Pulsar Wind Nebulae

PWN

SNR PULSAR

PWNe once upon a time - 
Once they were the 
Crab Nebula, and 
systems like it 

PWNe now - Anything that 
traces the interaction of 
a PSR (NS) with the 
environment
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Modeling Elements
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Dynamics - Wind confinement, Nebular flow structure 
and geometry, Evolutionary effects

Acceleration - Particle spectrum, Injection properties

Emission - Particles evolution, Magnetic field 
distribution, Radio

Extras - Short timescale variability Flares
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A case for MHD

4

 Why an MHD description?  MHD is “simple”

 Larmor radii  << nebular radius (advective regime)
 Energy losses are negligible (radio particles dominate)
 Almost pure pair plasma (no dispersive effects)
 Interested in long evolutionary timescales

 Particles are accelerated with high efficiency
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1D
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•  Theoretical model for PWNe - 1-D steady-state (Rees 
& Gunn 1974; Kennel & Coroniti, 1984) and self-similar 
(Emmering & Chevalier, 1987) - free expansion phase.

 Basic assumptions: 

• The wind terminates with a strong MHD shock
• Particles are accelerated at TS
• Relativistic MHD flow in the PWN region
• Synchrotron losses inside the nebula 
• Wind parameters derived by comparison with observations:
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Global properties 1D

RADIO X-RAYSOPTICAL

 Global morphology

N. Bucciantini et al.: Spherically symmetric relativistic MHD simulations of pulsar wind nebulae in SNRs 621

Fig. 3. Evolution of a PWN inside a SNR for the HD case. Density

(top) and pressure (bottom) in logarithmic gray-scale and contour lev-

els, with black corresponding to low values and white to high values.

In the bottom panel the position of the contact discontinuity is shown.

While the reverse shock moves inward compressing the PWN

and increasing its pressure, the contact discontinuity separat-

ing the ejecta from the shocked ISM still moves outward. The

pressure in the ejecta decreases due to rarefaction, and when the

compression phase has gone on for about half of its total dura-

tion, it reaches the same values as the pressure inside the PWN,

and the compression starts slowing down. As can be seen from

the pressure evolution, the PWN experienced phases of com-

pression and rarefaction; if the latter are strong enough they

may give rise to enhancements of the radio emission, so that

one can expect to see old remnants with high radio luminosity

near the pulsar position. These oscillations also trigger the for-

mation and propagation of weak shocks in the SNR, which may

reheat the ejecta. These shocks form when compressions stop

and a new expansion phase begins (in our simulations we see

only two of them, which propagate in the SNR with a velocity

of the order of 1000 km s⌅1, and a jump in pressure of about a
factor of 2). As shown in BCF the number, amplitude and time

scale for the oscillations during the reverberation phase, may

vary in di�erent PWN-SNR systems so that the e�ect of such
weak shocks may be important in the case of low luminosity

pulsars or light SN ejecta.

In spite of the fact that the evolution of the contact dis-

continuity between the PWN and the ejecta (and as a conse-

quence the evolution of the SNR) is the same in both the HD

and RMHD cases, the structure inside the PWN shows di�er-
ent behaviors. This is due to the di�erent sti�ness of a mag-
netically dominated plasma with respect to a purely HD one.

For a hot relativistic plasma such di�erences can be easily un-
derstood looking at the wave speeds: in the magnetically dom-

inated case the wave speed is c while in the HD case it cannot

exceed c/
�
3, therefore the magnetically dominated region acts

more similarly to a rigid body in transmitting inward informa-

tion from the PWN boundary. This plays an important role dur-

ing the reverberation phase. In a magnetized case the terminal

velocity inside the PWN tends to a positive asymptotic value

(that should match the velocity of the contact discontinuity),

which increases as the magnetic pressure becomes more and

more important. When the PWN reaches the reverse shock in

the SNR, the contact discontinuity cannot go any further and

starts moving back to the origin. The magnetically dominated

part (which is in asymptotic condition) also starts to move back

and compress the particle dominated region, where mass and

energy also increase as a consequence of the pulsar injection. A

high density, and high pressure region is formed near the origin,

whose dimension is a function of the ratio between the injected

magnetic and thermal energy during the pulsar life (we have as-

sumed it to be constant). In spite of this di�erent behaviour, the
magnetic field and particle pressure combine in a way to give

the same total pressure at the boundary in the various cases, as

we explained.

Figures 4 and 5 show density and pressure in the slightly

magnetized and magnetically dominated case after 1000 years

(the same as in Fig. 1). As anticipated the position of the con-

tact discontinuity and the value of the pressure at the boundary

are the same as the HD case, while rather di�erent PWN struc-
tures arise. The internal structure in Fig. 4 is consistent with the

Kennel & Coroniti model (Kennel & Coroniti 1984) even if we

are not able to resolve the termination shock (this should be in

the first cells but numerical di�usion spreads it to the first one).
The pressure profile shows a central region dominated by the

thermal pressure and an outer magnetically dominated zone: at

the contact discontinuity the PWN has a ratio between mag-

netic and thermal pressure ⇥10. The wall heating e�ect is still
present even if it is less than in the HD case. In Fig. 5 the mag-

netic pressure is ⇤ r
⌅2 (and almost coincident with the total

pressure inside the PWN) as expected for a magnetically dom-

inated nebula (with a purely toroidal magnetic field), only very

near to the origin it reaches values close to equipartition with

the thermal pressure.

In Fig. 6 the temporal behaviour of density, total pressure

and thermal pressure is plotted for the case when ⇤ = 0.003:
density and pressure in the SNR are very similar to the hydro-

dynamic case while inside the PWN they show di�erent radial
profiles decreasing toward the contact discontinuity. During

the various compression and expansion phases, due to reverse

shock oscillations there are enhancements of pressure that can

produce high temperature and high magnetic field regions near

the pulsar, eventually observable at radio wavelengths. Looking

 General evolution

 Polarization
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Evolution 1D

• “Free expansion”  
• Duration T ~ 103-4 yr 
• Constant pulsar energy input  - 

Emission at high energies

• Reverberation - 
• T~104 yr 
• Enhanced emission due to re-

energization

• Sedov  - 
• T ~ 105 yr

• Bow-Shock - interaction 
with the ISM

(van der Swaluw et al. 2001,2005; Bucciantini et al. 2003, 2005)  

N. Bucciantini et al.: Spherically symmetric relativistic MHD simulations of pulsar wind nebulae in SNRs 621

Fig. 3. Evolution of a PWN inside a SNR for the HD case. Density

(top) and pressure (bottom) in logarithmic gray-scale and contour lev-

els, with black corresponding to low values and white to high values.

In the bottom panel the position of the contact discontinuity is shown.

While the reverse shock moves inward compressing the PWN

and increasing its pressure, the contact discontinuity separat-

ing the ejecta from the shocked ISM still moves outward. The

pressure in the ejecta decreases due to rarefaction, and when the

compression phase has gone on for about half of its total dura-

tion, it reaches the same values as the pressure inside the PWN,

and the compression starts slowing down. As can be seen from

the pressure evolution, the PWN experienced phases of com-

pression and rarefaction; if the latter are strong enough they

may give rise to enhancements of the radio emission, so that

one can expect to see old remnants with high radio luminosity

near the pulsar position. These oscillations also trigger the for-

mation and propagation of weak shocks in the SNR, which may

reheat the ejecta. These shocks form when compressions stop

and a new expansion phase begins (in our simulations we see

only two of them, which propagate in the SNR with a velocity

of the order of 1000 km s⌅1, and a jump in pressure of about a
factor of 2). As shown in BCF the number, amplitude and time

scale for the oscillations during the reverberation phase, may

vary in di�erent PWN-SNR systems so that the e�ect of such
weak shocks may be important in the case of low luminosity

pulsars or light SN ejecta.

In spite of the fact that the evolution of the contact dis-

continuity between the PWN and the ejecta (and as a conse-

quence the evolution of the SNR) is the same in both the HD

and RMHD cases, the structure inside the PWN shows di�er-
ent behaviors. This is due to the di�erent sti�ness of a mag-
netically dominated plasma with respect to a purely HD one.

For a hot relativistic plasma such di�erences can be easily un-
derstood looking at the wave speeds: in the magnetically dom-

inated case the wave speed is c while in the HD case it cannot

exceed c/
�
3, therefore the magnetically dominated region acts

more similarly to a rigid body in transmitting inward informa-

tion from the PWN boundary. This plays an important role dur-

ing the reverberation phase. In a magnetized case the terminal

velocity inside the PWN tends to a positive asymptotic value

(that should match the velocity of the contact discontinuity),

which increases as the magnetic pressure becomes more and

more important. When the PWN reaches the reverse shock in

the SNR, the contact discontinuity cannot go any further and

starts moving back to the origin. The magnetically dominated

part (which is in asymptotic condition) also starts to move back

and compress the particle dominated region, where mass and

energy also increase as a consequence of the pulsar injection. A

high density, and high pressure region is formed near the origin,

whose dimension is a function of the ratio between the injected

magnetic and thermal energy during the pulsar life (we have as-

sumed it to be constant). In spite of this di�erent behaviour, the
magnetic field and particle pressure combine in a way to give

the same total pressure at the boundary in the various cases, as

we explained.

Figures 4 and 5 show density and pressure in the slightly

magnetized and magnetically dominated case after 1000 years

(the same as in Fig. 1). As anticipated the position of the con-

tact discontinuity and the value of the pressure at the boundary

are the same as the HD case, while rather di�erent PWN struc-
tures arise. The internal structure in Fig. 4 is consistent with the

Kennel & Coroniti model (Kennel & Coroniti 1984) even if we

are not able to resolve the termination shock (this should be in

the first cells but numerical di�usion spreads it to the first one).
The pressure profile shows a central region dominated by the

thermal pressure and an outer magnetically dominated zone: at

the contact discontinuity the PWN has a ratio between mag-

netic and thermal pressure ⇥10. The wall heating e�ect is still
present even if it is less than in the HD case. In Fig. 5 the mag-

netic pressure is ⇤ r
⌅2 (and almost coincident with the total

pressure inside the PWN) as expected for a magnetically dom-

inated nebula (with a purely toroidal magnetic field), only very

near to the origin it reaches values close to equipartition with

the thermal pressure.

In Fig. 6 the temporal behaviour of density, total pressure

and thermal pressure is plotted for the case when ⇤ = 0.003:
density and pressure in the SNR are very similar to the hydro-

dynamic case while inside the PWN they show di�erent radial
profiles decreasing toward the contact discontinuity. During

the various compression and expansion phases, due to reverse

shock oscillations there are enhancements of pressure that can

produce high temperature and high magnetic field regions near

the pulsar, eventually observable at radio wavelengths. Looking
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Fine structures

• Crab nebula (Weisskopf et al., 2000; Hester et al., 2002)
• Vela pulsar (Helfand et al., 2001; Pavlov et al., 2003)

Crab

Vela
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Wind models 2D

Force-free (Contopulos et al 1999, Gruzinov 2005, Spitkovsky 2006)
RMHD (Bogovalov 2001, Komissarov 2006, Bucciantini et al. 2006)

Lorentz factor ~ sin(θ)
Energy flux ~ sin2(θ)
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Dynsmics 2D

• Initial magnetic field with a narrow equatorial neutral sheet
• Dissipation in a striped wind
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Fine structures 
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Fine structures 

3C58
G11.2

B1509

G21.5
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3D - Final Solution?

12

L50 O. Porth, S. S. Komissarov and R. Keppens

Figure 2. Left-hand panel: 3D rendering of the magnetic field structure in the model with σ 0 = 3 at t ! 70 yr after the start of the simulation. Magnetic field
lines are integrated from sample points starting at r = 3 × 1017cm. Colours indicate the dominating field component, blue for toroidal and red for poloidal.
Right-hand panel: azimuthally averaged ᾱ ≡ 〈B2

p/B2〉φ for the same model.

inside towards the wind origin, reflecting the artificial nature of our
initial configuration. Soon after, it re-bounces and begins to expand
at a much slower rate, gradually approaching its asymptotic self-
similar position (Rees & Gunn 1974). For an unmagnetized wind,
σ 0 = 0, its equatorial radius at this stage evolves as

r0 !
√

2rn

( vn

c

)1/2
(

1 −
(

1 + vnt

ri

)−2
)−1/2

, (8)

where vn is the expansion rate of the PWN and t is the time since the
start of the simulations. One can see that the time-scale of transition
to the self-similar expansion is ∼ri/vi, which is !210yr for the
parameters of our simulations. We do not yet fully reach the self-
similar phase in 3D simulations and hence use this solution as a
reference.

The simulations are performed with MPI-AMRVAC (Keppens et al.
2012), solving the set of special relativistic MHD conservation laws
in Cartesian geometry. We employ a cubic domain with edge length
of 2 × 1019cm, large enough to contain today’s Crab nebula. Out-
flow boundary conditions allow plasma to leave the simulation box.
The adaptive mesh refinement starts at a base level of 643 cells and
is used to resolve the expanding nebula bubble with a cell size of
$x = 1.95 × 1016cm (on the fifth level). Special action is taken to
properly resolve the termination shock and the flow near the origin.
To this end, additional grid levels centred on the termination shock
are automatically activated, depending on the shock size. For the
simulations shown here, the shock is thus resolved by 3–4 extra
grid levels (resulting in 8–9 levels in total) on which we employ
a more robust minmod reconstruction in combination with Lax–
Friedrich flux splitting. 2D comparison simulations are performed
with equivalent numerical setup and differ only in the use of cylin-
drical coordinates in the r, z plane.

3 R ESULTS

In basic agreement with the simulations by Mizuno et al. (2011),
the highly organized coaxial configuration of magnetic field, char-
acteristic of previous 2D simulations of PWN, is largely destroyed

in our 3D models. However, the azimuthal component is still dom-
inant in the vicinity of the termination shock, in the region roughly
corresponding to Crab’s torus (see Fig. 2), which is filled mainly
with ‘fresh’ plasma which is just on its way from the termination
shock to the main body of the nebula. As we have pointed out in
Section 1, the emission of this plasma could be behind the strong
polarization observed in the central region of the Crab nebula. This
figure also shows predominantly poloidal magnetic field in the out-
skirts of PWN, close to the equator. However, the magnetic field is
rather weak in this region.

Also in agreement with Mizuno et al. (2011), the total pressure
distribution of our 3D solutions is much more uniform compared
to 2D solutions of the same problem. As a result, the expansion of
PWN in 3D is more or less isotropic, whereas in 2D the artificially
enhanced axial compression due to the magnetic hoop stress pro-
motes notably faster expansion in the polar direction. As one can
see in Fig. 3, by the end of the simulations, the 2D solution with
σ 0 = 3 begins to exhibit a jet breakout, similar to those observed
in the earlier 2D simulations of highly magnetized young PWN
of magnetars (Bucciantini et al. 2007, 2008), with application to
gamma-ray bursts.

Fig. 4 shows the evolution of the equatorial radius of the ter-
mination shock with time in all our simulations together with the
analytical prediction from equation (8). We anticipated that in 3D
the shock radius turns out to be similar to that given by the analytical
model for unmagnetized wind, as this was suggested in Begelman
(1998). This is indeed the case, but Fig. 4 also shows that the size of
the termination shock exhibits only a weak dependence on the initial
magnetization σ 0, once σ 0 ≥ 1. However, we also expected to find
a much smaller shock radius in 2D simulations, as their symme-
try prevents the development of the key process in the Begelman’s
theory, the kink instability. What we have actually found is that,
although in our 2D simulations the shock radius is indeed smaller,
the difference is not dramatic.

An explanation for this result is suggested by Fig. 5, which shows
the ratio of magnetic to thermal energy of simulated PWN in our
numerical models. One can see that, not only do our 3D solutions
exhibit significant magnetic dissipation, which agrees with Mizuno
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Evolution 2D
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Reverberation - Crushing by the SNR Reverse Shock

van der Swaluw et al. (2004)

forward shock

PW

reverse shock

Vela (radio) Duncan et al. 
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Evolution 2D
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Reverberation - Crushing by the SNR Reverse Shock

van der Swaluw et al. (2004)

forward shock

PW

reverse shock

Vela (radio) Duncan et al. 

Relic PWNe

SNR G327.1-1.1, Gaensler & van der Swaluw (2004)
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Evolution 2D
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• Most pulsars kick velocity is supersonic in ISM
• Forward shock visible in Hα
• PWN visible as a radio and X-rays tail

Hα X-
rays

15”

PSR B1957+20 (Stappers et al. 2003) Bucciantini et al. 2005
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Acceleration: Pair Plasma
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1548 SIRONI & SPITKOVSKY Vol. 698

Figure 21. Comparison of downstream particle spectra at time ωpt = 9000 among different geometries of the upstream background magnetic field: (a) for fixed
magnetic obliquity θ = 15◦, magnetic field lying either in the simulation plane (black) or in a plane perpendicular to the simulation plane (red); (b) for fixed magnetic
obliquity θ = 30◦, 2D simulations with either in-plane (black) or out-of-plane (red) magnetic field and a 3D run (green).
(A color version of this figure is available in the online journal.)

Figure 22. Time evolution of downstream particle spectra for different obliquities, across the boundary θcrit ≈ 34◦ between subluminal and superluminal shocks:
θ = 28◦ (violet), 30◦ (red), 31◦ (black), 32◦ (blue), 35◦ (green), and 45◦ (yellow). The subpanels (a)–(c) in the last panel show at time ωpt = 9000 the power-law
slope of the suprathermal tail and the fraction of particles and energy stored in the tail, as a function of the obliquity angle θ . The thin blue line in the bottom right
panel shows the particle spectrum for θ = 32◦ at ωpt = 13,500.
(A color version of this figure is available in the online journal.)

ωpt = 13500 (the thin blue line in the bottom right panel of
Figure 22) corresponds to the onset of efficient SDA. In re-
sponse to the increased acceleration efficiency, the peak of the
low-energy Maxwellian shifts to lower temperatures.

Since the positive feedback required for the onset of efficient
SDA relies on upstream waves triggered by the returning par-
ticles, we expect that in superluminal shocks, where particles
are not able to return upstream along the magnetic field, accel-

 Perpendicular relativistic shock - Superluminal

 Maxwellian at low 
energies

 Evidence for non-thermal tail only for subluminal shock
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Figure 21. Comparison of downstream particle spectra at time ωpt = 9000 among different geometries of the upstream background magnetic field: (a) for fixed
magnetic obliquity θ = 15◦, magnetic field lying either in the simulation plane (black) or in a plane perpendicular to the simulation plane (red); (b) for fixed magnetic
obliquity θ = 30◦, 2D simulations with either in-plane (black) or out-of-plane (red) magnetic field and a 3D run (green).
(A color version of this figure is available in the online journal.)

Figure 22. Time evolution of downstream particle spectra for different obliquities, across the boundary θcrit ≈ 34◦ between subluminal and superluminal shocks:
θ = 28◦ (violet), 30◦ (red), 31◦ (black), 32◦ (blue), 35◦ (green), and 45◦ (yellow). The subpanels (a)–(c) in the last panel show at time ωpt = 9000 the power-law
slope of the suprathermal tail and the fraction of particles and energy stored in the tail, as a function of the obliquity angle θ . The thin blue line in the bottom right
panel shows the particle spectrum for θ = 32◦ at ωpt = 13,500.
(A color version of this figure is available in the online journal.)

ωpt = 13500 (the thin blue line in the bottom right panel of
Figure 22) corresponds to the onset of efficient SDA. In re-
sponse to the increased acceleration efficiency, the peak of the
low-energy Maxwellian shifts to lower temperatures.

Since the positive feedback required for the onset of efficient
SDA relies on upstream waves triggered by the returning par-
ticles, we expect that in superluminal shocks, where particles
are not able to return upstream along the magnetic field, accel-

Spitkovsky 2006
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Acceleration: Striped -Wind
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Fig. 5.— Downstream particle spectrum at !

p

t = 3000 for dif-
ferent stripe wavelengths �, in a flow with � = 10 and ↵ = 0.1. We
vary the stripe wavelength from � = 20 c/!

p

up to � = 1280 c/!
p

.
The dotted red line is a Maxwellian with the same average en-
ergy as the spectrum colored in red (which refers to � = 20 c/!

p

);
the dashed black line indicates a power-law distribution with slope
p = 1.5. In the subpanel, the black line shows the average Lorentz
factor of downstream particles h�i as a function of the stripe wave-
length � (axis on the left side). In the same subpanel, the red line
presents the dependence of �

max

/�

min

on � (axis on the right side).
Here, �

min

is defined as the location where �dN/d� peaks (i.e.,
where most of the particles reside), whereas �

max

is the Lorentz
factor where �

2

dN/d� peaks (i.e., where most of the energy lies).

of h�i measured in our simulations (black line in the sub-
panel of Fig. 5) is approximately constant with respect to
�, and is consistent with such expectation.9 Clearly, this
is in contrast with the 1D model of Pétri & Lyubarsky
(2007), which would predict negligible field dissipation if
� & 130 c/!

p

(for ⇠
1

= 8 and � = 10).
Even though the mean kinetic energy per particle does

not appreciably vary with �, the shape of the spectrum
does change, with a clear tendency for broader spectra
at longer stripe wavelengths. As shown by the red line in
the subpanel of Fig. 5, the ratio �

max

/�

min

increases with
wavelength from �

max

/�

min

' 1 (at � = 20 c/!
p

) up to
�

max

/�

min

' 20 (at � = 1280 c/!
p

). Longer wavelengths
yield smaller values of �

min

(see main plot), which then
imply larger values of �

max

, given the relation in eq. (2).
This trend can be easily understood by considering the

structure of the flow for di↵erent stripe wavelengths. As
described in §3.1, the hydrodynamic shock is located at
the point where reconnection islands grow large enough
to fill the entire space in between neighboring current
sheets. Since the distance between sheets is proportional
to �, the same scaling should hold for the size of re-
connection islands, just upstream of the hydrodynamic
shock.10 Shorter wavelengths will then result in more

9 The trend of smaller values of h�i/�
0

with decreasing � (black
line in the subpanel of Fig. 5) is due to the fact that the fractional
contribution of current sheets (with fixed thickness 2� ' 2 c/!

p

)
to the upstream flow is larger for smaller �. When averaged over
one stripe wavelength, this results in a lower upstream energy per
particle for smaller � (including both magnetic and kinetic contri-
butions), which is then reflected in the post-shock value of h�i/�

0

.
10 In the remaining of this section, by “reconnection islands” we

will be referring only to the islands in the current sheet just ahead
of the hydrodynamic shock, where the shape of the downstream

numerous islands of smaller size, whereas fewer but big-
ger islands will be present for longer � (see Fig. 3). Since
an X-point exists in between each pair of neighboring
islands (belonging to the same current sheet), the num-
ber of X-points per unit length (along the current sheet)
will be larger for smaller �. For short wavelengths, most
of the incoming particles will likely pass in the vicin-
ity of one of the numerous X-points, as the flow crosses
the hydrodynamic shock. The energy evolution of one
particle will then be similar to that of any other parti-
cle, with its Lorentz factor increasing from � ' �

0

up
to � ' �

0

(� + 1), as the particle gains energy from the
annihilating fields. This explains why for short stripe
wavelengths (� = 20 c/!

p

, red curve in Fig. 5) the par-
ticle spectrum is so narrow, and similar to a Maxwellian
distribution (red dotted curve). In summary, for short
stripe wavelengths, all particles are equally close to an
X-point, so they gain comparable amounts of energy.
On the other hand, for long wavelengths, the energy

evolution of di↵erent particles can be extremely diverse,
as discussed in §3.2. Particles that stay away from X-
points are likely to remain cold, and retain the energy
� ' �

0

they started with. On the contrary, particles that
pass through an X-point can gain a significant amount
of energy. With increasing stripe wavelength, more par-
ticles will belong to the former group, and fewer to the
latter, since the number of X-points decreases. This ex-
plains why the peaks in the spectra of Fig. 5, which track
the downstream Lorentz factor of the “typical” particle,
shift to lower energies with increasing stripe wavelength.
For the same reason, the best-fitting power law becomes
softer, with spectral slope increasing from p ' 1.0 to
p ' 1.5 (indicated as a black dashed line in Fig. 5). In
response to a lower �

min

and a steeper slope, the up-
per cuto↵ of the spectrum shifts to higher energies, as
predicted by eq. (2). This is just a consequence of the
longer time available for acceleration, at larger stripe
wavelengths. As discussed in §3.2, particles injected at
X-points are continuously accelerated by the reconnec-
tion electric field, while they drift from the X-point into
the closest island. Since the spacing between neighboring
islands (in the same current sheet) increases with stripe
wavelength, the injected particles will be able to stay in
the acceleration region for longer times (and so, to reach
higher energies), if � is larger.
As we discuss in §4.2, the threshold between short

and long wavelengths depends on the wind magnetiza-
tion. Here, by “short �” we generically mean all cases in
which the spectrum is narrow, similar to a Maxwellian.
In contrast, the cases with “long �” have broad power-
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c/!p
/

p

� . 4 ⇠
1
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For ⇠

1
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p

(if � = 10), � . 45 c/!
p

(if
� = 50), and � . 65 c/!

p

(if � = 100), which is indeed
what we observe in our simulations. In retrospect, this is
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c/!p
/

p

� . 4 ⇠
1

/5
comes from requiring that the downstream sheet thick-
ness be larger than the separation of neighboring sheets.
In this limit, no distinction should persist between the

particle spectrum is established, as demonstrated by Fig. 3(f).
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plasma within (versus outside) the current sheets, i.e., all
particles should share the same energy evolution. This
obviously results in a Maxwellian distribution.
Finally, we point out that the minor bump emerging
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p

) is populated by parti-
cles that are energized via the shock-drift mechanism
(SDA) at the hydrodynamic shock. Such particles gain
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hE

z

i

�

' hB

y

i

�
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�
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in panel (f) of
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field. Given the limited number of acceleration cycles,
the SDA component in the spectra of Fig. 5 does not ex-
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ing candidate to produce broad power-law tails.
The e�ciency of injection into the SDA process is

higher for shorter stripe wavelengths, as Fig. 5 suggests.
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is the particle Lar-
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of the distribution (⇠
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= 1 � 10, depending on �), the
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.
For fixed magnetization, the criterion for e�cient SDA is
more easily satisfied at short stripe wavelengths, which
explains why the normalization of the high-energy bump
in Fig. 5 increases for smaller �.
We remark that, apart from the factor ⇠

2
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terion for e�cient SDA involves the same combination
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sured in units of the post-shock plasma skin depth (apart
from factors of order unity). In §4.2, we further com-
ment on the importance on the parameter �

c/!p
/
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regulating the physics of the shock and the shape of the
downstream particle spectrum.

4.2. Dependence on the Wind Magnetization

In this section, we investigate the dependence of our re-
sults on the magnetization of the wind. Fig. 6 shows how
the downstream spectrum changes with �, keeping fixed
the stripe wavelength � = 160 c/!

p

, the stripe-averaged
field hB

y

i

�

' 0.05 (corresponding to ↵ = 0.1), and the

Fig. 6.— Downstream particle spectrum at !

p

t = 3000 for dif-
ferent magnetizations �, in a flow with � = 160 c/!

p

and ↵ = 0.1.
We vary the wind magnetization from � = 10 to � = 100. In the
subpanel, the black line shows the average Lorentz factor h�i of
downstream particles as a function of � (axis on the left side). The
value of h�i is normalized to the total energy per particle (kinetic +
electromagnetic) in the pre-shock flow, i.e., �

0

�. In the same sub-
panel, the red line presents the dependence of the spectral width
�

max

/�

min

on � (axis on the right side).

bulk Lorentz factor �
0

= 15. We explore a wide range of
magnetizations, from � = 10 up to � = 100.
We find that e�cient annihilation of magnetic fields by

shock-driven reconnection, and transfer of magnetic en-
ergy to the particles, occur irrespective of the wind mag-
netization. As shown by the black line in the subpanel of
Fig. 6, the average Lorentz factor of downstream parti-
cles approaches in all cases the value h�i ' �

0

� expected
for complete field dissipation. As the wind magnetization
increases, the spectrum shifts to higher Lorentz factors
(just because h�i / �) and it changes in shape, with the
part at low energies getting de-populated at the expense
of the high-energy component. As a result, the particle
spectrum, which could be fitted as a broad power law
of index p ' 1.2 for � = 10 (blue curve), approaches a
Maxwellian-like distribution for � = 100 (red curve). As
a consequence, the ratio �

max

/�

min

, a proxy for the width
of the spectrum, becomes smaller for increasing � (red
line in the subpanel of Fig. 6, with axis on the right).
This is the same trend observed when decreasing �

at fixed �, as discussed in §4.1. In the limit of very high
magnetizations, for fixed wavelength (or very short �, for
fixed �), the downstream energy spectrum approaches a
Maxwellian distribution, when �
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� . 4 ⇠
1

/5 (here,
⇠
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= 6� 10). For � = 20 c/!
p

, 40 c/!
p

, and 80 c/!
p

, we
have verified that the value of � above which the spec-
trum resembles a Maxwellian is in good agreement with
this criterion. For � = 160 c/!

p

, we would expect a
Maxwellian distribution only for � & 300 (if ⇠

1

= 8),
beyond the range of magnetizations we explore. How-
ever, the trend toward a single-component distribution
(as � increases) is already clear within the limited range
of magnetizations investigated in Fig. 6.
The dominance of the high-energy component at large

magnetizations can be understood in terms of the basic
properties of the flow. In experiments with fixed � and
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Table 1. Values of the parameters used in the modelling.

Parameter Symbol Crab 3C58 B1509-58 Kes 75

Supernova explosion energy (1051 erg) ESN 1 1 7 2.1
Mass of the ejecta (M!) Mej 9.5 3.2 4.0 16.4
ISM density (cm−3) ρo 0.1 0.01 0.001 2
Ejecta density index α 0 1 1 0
Initial pulsar luminosity (1038erg s−1) Lo 35 0.73 49 1.66
Spin-down time (yr) τ 730 3280 114 226
Braking index β 2.33 2 2.087 2.12
Age (yr) t 950 2100 1570 650
Fraction of L that goes into pairs ηe 0.8 0.75 0.7 0.95
Low-energy injection index γ1 1.5 1.2 1.2 1.7
High-energy injection index γ2 2.35 2.82 2.14 2.3
Peak energy ratio µe 1.54×10−5 6.25×10−6 3.33×10−6 10−4

Minimum energy ratio νe 1.1×10−8 8.7×10−8 2.8×10−8 2 × 10−7

Break energy (eV) εc 4×1011 5×1010 1.5×1010 4×1011

Fraction of magnetic energy ηM 0.11 0.5 0.53 0.005
Fraction of L that goes into ions ηp 0 0 0 0

Figure 1. The Crab Nebula integrated emission spectrum. Data
points are from Baldwin (1971); Baars (1972); Mezger et al.
(1986); Bandiera et al. (2002); Veron-Cetty & Woltjer (1993);
Hennessy et al. (1992); Kuiper et al. (2001); Aharonian et al.
(2004); Albert et al. (2008); Abdo et al. (2010) (triangles are
EGRET points, squares are Fermi points). Solid line is the total
luminosity. Dashed line is the IC-CMB, dotted line if the IC-SYN.

by a high energy lepton beam (Arons, in preparation), the
radiative consequences of this latter scenario have not been
investigated, however, again, they are not expected to give
any appreciable contribution to γ-rays

TeV emission is due to IC scattering by the pairs, for
which the main target is the nebular synchrotron emission in
this case. We estimate a magnetic field B ! 200µG, slightly
lower than previous estimates (Aharonian et al. 2004; Hester
2008). Overall the broad-band spectrum is very well repro-
duced, with the largest discrepancies limited to the EGRET
data points around 10MeV. These points have large uncer-
tainties and are likely affected by calibration issues (Abdo
et al. 2009). Indeed recent Fermi data (Abdo et al. 2010)
are consistent with our model curve.

Baldwin (1971) has shown that the radio power-law
spectrum of the Crab Nebula extends down to the iono-

spheric cut-off at ∼ 30 Mhz. One can use this piece of in-
formation to derive an upper limit on the minimum particle
energy at injection. In order for the radio spectrum to ex-
tend to those energies as an uninterrupted power-law, we
need to assume εm/εc < 7×10−4. From Eq. 15 we then find
for the wind Lorentz factor γw < 5 × 104. This has to be
compared with the typical Lorentz factor of the particles at
εc, which is 7.4×105, and with the minimum Lorentz factor
of injected particles that is < 500. The estimated value of
γw translates into a lower limit on the pair multiplicity of
κ >∼ 106.

Our model allows us to compute a posteriori the energy
radiation losses. We do this in order to verify to what degree
the adiabatic approximation for the evolution of the PWN
radius is correct. For the Crab Nebula we find that about
half of the total energy injected into the nebula in the form
of pairs has been lost via synchrotron emission. However the
dependence of the radius on the pulsar luminosity L(t) is in
general weak (scales as L(t)1/5 for constant luminosity), so
we expect at most modification of order 20% in the radial
evolution, and maybe in the adiabatic losses. Such value is
well within the simplifications and the approximations of
the model. In order to properly take into account radiation
losses, one needs to abandon any analytic solution for the
dynamics, and solve the coupled system of equations for the
dynamics and the emission simultaneously.

6.2 3C58

3C58 is another example of a young PWN, which shares
many similarities with the Crab Nebula. It has a typical non-
thermal spectrum extending from Radio to X-rays (Salter
et al. 1989; Torii et al. 2000; Green & Scheuer 1992; Slane
et al. 2004, 2008). It shows clear evidence of energy injec-
tion from the central pulsar PSR J0205+64 in the form of
a jet-torus structure (Slane et al. 2002). Recent SPITZER
measurements of the PWN IR luminosity have showed clear
evidence for a possible injection break, like in the case of
Crab (Slane et al. 2008). At a typical distance of 3.2 kpc
(Chevalier 2005), its size is about 5 × 9 pc, equivalent to

c© ???? RAS, MNRAS 000, 1–20

 For all PWNe where a broad band spectrum is available we see a broken power-law :
a hard part in IR/Radio - N(E) ~ E-1 E-1.5

a soft  part in Optical - N(E) ~ E-2 E-2.5

a cooled component in X 
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by a high energy lepton beam (Arons, in preparation), the
radiative consequences of this latter scenario have not been
investigated, however, again, they are not expected to give
any appreciable contribution to γ-rays

TeV emission is due to IC scattering by the pairs, for
which the main target is the nebular synchrotron emission in
this case. We estimate a magnetic field B ! 200µG, slightly
lower than previous estimates (Aharonian et al. 2004; Hester
2008). Overall the broad-band spectrum is very well repro-
duced, with the largest discrepancies limited to the EGRET
data points around 10MeV. These points have large uncer-
tainties and are likely affected by calibration issues (Abdo
et al. 2009). Indeed recent Fermi data (Abdo et al. 2010)
are consistent with our model curve.

Baldwin (1971) has shown that the radio power-law
spectrum of the Crab Nebula extends down to the iono-

spheric cut-off at ∼ 30 Mhz. One can use this piece of in-
formation to derive an upper limit on the minimum particle
energy at injection. In order for the radio spectrum to ex-
tend to those energies as an uninterrupted power-law, we
need to assume εm/εc < 7×10−4. From Eq. 15 we then find
for the wind Lorentz factor γw < 5 × 104. This has to be
compared with the typical Lorentz factor of the particles at
εc, which is 7.4×105, and with the minimum Lorentz factor
of injected particles that is < 500. The estimated value of
γw translates into a lower limit on the pair multiplicity of
κ >∼ 106.

Our model allows us to compute a posteriori the energy
radiation losses. We do this in order to verify to what degree
the adiabatic approximation for the evolution of the PWN
radius is correct. For the Crab Nebula we find that about
half of the total energy injected into the nebula in the form
of pairs has been lost via synchrotron emission. However the
dependence of the radius on the pulsar luminosity L(t) is in
general weak (scales as L(t)1/5 for constant luminosity), so
we expect at most modification of order 20% in the radial
evolution, and maybe in the adiabatic losses. Such value is
well within the simplifications and the approximations of
the model. In order to properly take into account radiation
losses, one needs to abandon any analytic solution for the
dynamics, and solve the coupled system of equations for the
dynamics and the emission simultaneously.

6.2 3C58

3C58 is another example of a young PWN, which shares
many similarities with the Crab Nebula. It has a typical non-
thermal spectrum extending from Radio to X-rays (Salter
et al. 1989; Torii et al. 2000; Green & Scheuer 1992; Slane
et al. 2004, 2008). It shows clear evidence of energy injec-
tion from the central pulsar PSR J0205+64 in the form of
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evidence for a possible injection break, like in the case of
Crab (Slane et al. 2008). At a typical distance of 3.2 kpc
(Chevalier 2005), its size is about 5 × 9 pc, equivalent to
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The break Lorentz factor is of order 105

How do we form a broken power-law?
What sets the break?

Is there a Maxwellian component?
What is the wind multiplicity?
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Time variability - wisps

•Wisp moving outward
•Year long limit cycle
•Variability in the knot
•Bubble in the jet v~ 0.6 c 

Slane 05, DeLaney 06

Variability in the knot structure
Jet feature moving at 0.6 c 

Local instabilities or global modes?
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Figure 2. All plots show the azimuthal component of magnetic field in CGS units and clearly illustrate the non-linear dynamics of the termination shock.
The left-hand panel shows a stage at which the termination shock is fully inflated (t = 912.3 yr). The middle panel shows the northern shock structure being
distorted (t = 926.6 yr). The right-hand panel shows the shock complex to be highly compressed (t = 933.1 yr).

In contrast to the PW, the equatorial symmetry in the PWN is
completely broken and often the fluid elements blown by the wind
into the Southern hemisphere (in Fig. 2 they are coloured in blue)
end up in the Northern hemisphere, and the other way around.
Similarly strong breakdowns of equatorial symmetry have been
observed in the simulations of stellar collapse (e.g. Scheck et al.
2008; Komissarov 2009). This seems to be a general rule for the
problems where the shocked plasma is confined to a finite or slowly
expanding volume.

As expected, and in agreement with previous simulations, the pre-
dominant motion near the equatorial plane is an outflow. The typical
speed of this outflow inside the inner 2 light-year is around 0.6c.
The outflow is highly inhomogeneous with regions of strong mag-
netic field following regions of relatively weak field. Such strong
variations in magnetic field strength lead to strong variations of syn-
chrotron emissivity and ultimately to the phenomenon of expanding
wisps (see Fig. 3). Further out, but well before reaching the super-

nova shell, the outflow slows down and mixes with the rest of the
PWN.

Above the equatorial plane, a backflow with superimposed vor-
texes can also be seen. This seems to be the reason for the con-
tracting wisps occasionally observed in these simulations. Closer
to the symmetry axis, with r < 0.5 light-year, another backflow is
seen. Like in the previous simulations, this flow originates from the
highly magnetized layers of recently shocked plasma of the PW.
The strong magnetic hoop stress in these layers stops the outflow
and turns it back towards the axis. The resultant axial compression
drives the polar jets in a fashion reminiscent of the tooth-paste flow.
The axial pinch is rather non-uniform and the flow structure at the
jet base is highly variable. One can interpret this variability as the
development of the ‘sausage’ instability enhanced by the fact that
the backflow is already highly inhomogeneous and the instability
is in the non-linear regime from the start. The converging mag-
netosonic compression waves, which originate in the dynamically

Figure 3. The left-hand panel shows the synthetic optical synchrotron image of the simulated PWN at time 911.0 years (linear scale). The right-hand panel
shows the difference between two optical images obtained at the same epoch and separated by approximately 105 days.

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS 400, 1241–1246

FIGURE 4. Variability in the wips region due to ion compression [83]. The pictures represent the X-ray luminosity at three
different instants. Notice the bright features moving outward.

FIGURE 5. The Plot show the X-ray luminosity, based on
MHD simulations, along the axis of a PWN as a function of
time. Note the 2-year quasi periodicity in the wisps region and
for the knot. Features appear to move out from the inner TS
region. the propagation velocity is ∼ 0.5c in the interior and
slows down at larger distances.

TIME VARIABILITY

The former discussion has focused on the explanation
of the main observed features, that appear to be quite
persistent on long time-scale. However it is known that
PWNe show a short time variability at high energies.
Variability of the wisps in the Crab Nebula has been
known since the first high resolution observations [45,
12]. The jet in Vela appears to be strongly variables
[71, 72], and there is evidence for variability of the main

rings [73]. Variability is also observed in the jet of Crab
[70, 59], and B1509 [31]. B1509 shows also variability
in the inner ring. Variability in the jet, which usually
has time-scale of years, has been associated to kink or
sausage modes in the strong toroidal filed, or even to
fire-hose instability [84] in the case of Vela. On the other
hand the wisps show variability on time-scale of months,
much shorter than typical sound crossing time, in the
form of an outgoing wave pattern, and recent results for
the Crab Nebula suggest the presence of a year-long duty
cycle.
moreFor a long time the only model capable of repro-

ducing the observed variability was the one proposed by
Spitkovsky & Arons [83]. The model is based on the as-
sumption that ions (or high energy electrons) are present
in the equatorial region of the wind. The presence of ions
is consistent with the fact that, in kinetic simulations of
acceleration in a strong shock, a pure pair plasma do not
produce any power-law distribution [2]. Given that ions
have a much larger larmor radius, of order of the size
of the wisp region, they introduce a substantial deviation
from a pure fluid picture: electrons are compresses by
the gyration of ions and emission is enhanced. By select-
ing the fraction of energy in the ion component one can
reproduce the observed time scale variability and the av-
erage distance between the torus and inner wisps. How-
ever results are based on a simplified 1D model that does
not take into account the energy flux anisotropy, and the
shape of the TS.
MHD nebular models however show the presence of

high velocity flow channels inside the nebula, and it is
possible that shear instabilities can be at the origin of
the observed variability[27, 7]. It was already noted in
simulations by Bogovalov et al. [18] that the synchrotron
emissivity inside the nebula varies. Results by Komis-
sarov & Lyubarsky [57] also suggest that the flow might
have a feedback action on the TS, causing it to change

There is a general tendency for 
outgoing wave pattern

Inner Chandra ring looks more stable
Outgoing velocity is lower in the torus
Variability is observed also in the knot
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Figure 2. All plots show the azimuthal component of magnetic field in CGS units and clearly illustrate the non-linear dynamics of the termination shock.
The left-hand panel shows a stage at which the termination shock is fully inflated (t = 912.3 yr). The middle panel shows the northern shock structure being
distorted (t = 926.6 yr). The right-hand panel shows the shock complex to be highly compressed (t = 933.1 yr).
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observed in the simulations of stellar collapse (e.g. Scheck et al.
2008; Komissarov 2009). This seems to be a general rule for the
problems where the shocked plasma is confined to a finite or slowly
expanding volume.

As expected, and in agreement with previous simulations, the pre-
dominant motion near the equatorial plane is an outflow. The typical
speed of this outflow inside the inner 2 light-year is around 0.6c.
The outflow is highly inhomogeneous with regions of strong mag-
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variations in magnetic field strength lead to strong variations of syn-
chrotron emissivity and ultimately to the phenomenon of expanding
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The former discussion has focused on the explanation
of the main observed features, that appear to be quite
persistent on long time-scale. However it is known that
PWNe show a short time variability at high energies.
Variability of the wisps in the Crab Nebula has been
known since the first high resolution observations [45,
12]. The jet in Vela appears to be strongly variables
[71, 72], and there is evidence for variability of the main

rings [73]. Variability is also observed in the jet of Crab
[70, 59], and B1509 [31]. B1509 shows also variability
in the inner ring. Variability in the jet, which usually
has time-scale of years, has been associated to kink or
sausage modes in the strong toroidal filed, or even to
fire-hose instability [84] in the case of Vela. On the other
hand the wisps show variability on time-scale of months,
much shorter than typical sound crossing time, in the
form of an outgoing wave pattern, and recent results for
the Crab Nebula suggest the presence of a year-long duty
cycle.
moreFor a long time the only model capable of repro-

ducing the observed variability was the one proposed by
Spitkovsky & Arons [83]. The model is based on the as-
sumption that ions (or high energy electrons) are present
in the equatorial region of the wind. The presence of ions
is consistent with the fact that, in kinetic simulations of
acceleration in a strong shock, a pure pair plasma do not
produce any power-law distribution [2]. Given that ions
have a much larger larmor radius, of order of the size
of the wisp region, they introduce a substantial deviation
from a pure fluid picture: electrons are compresses by
the gyration of ions and emission is enhanced. By select-
ing the fraction of energy in the ion component one can
reproduce the observed time scale variability and the av-
erage distance between the torus and inner wisps. How-
ever results are based on a simplified 1D model that does
not take into account the energy flux anisotropy, and the
shape of the TS.
MHD nebular models however show the presence of

high velocity flow channels inside the nebula, and it is
possible that shear instabilities can be at the origin of
the observed variability[27, 7]. It was already noted in
simulations by Bogovalov et al. [18] that the synchrotron
emissivity inside the nebula varies. Results by Komis-
sarov & Lyubarsky [57] also suggest that the flow might
have a feedback action on the TS, causing it to change

There is a general tendency for 
outgoing wave pattern

Inner Chandra ring looks more stable
Outgoing velocity is lower in the torus
Variability is observed also in the knot

xxxxxxxxxxxxxxxxxx     
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Figure 6. The radial positions of the wisp peaks as a function
of time. Red and blue are used to indicate an optical or an X-ray
wisp respectively. The symbols are the as in same as in Fig. 5.

observation took place at any time within the 10 day interval
the data were included as a column in the figure. For short
gaps in the time sequence, we performed a linear average of
the closest columns that contain data. Thus, if there was a
two column gap, we would add two thirds of the previous
observation to one third of the following observation to fill
in the first missing column. For the second missing column,
the weights were reversed. If the wisps in two data sets over-
lap, this method will cause the wisp to appear to move from
the location in the first data set to the location seen in the
second across the gap. If the features do not overlap, then
features in the first data set will appear to fade as new fea-
tures appear to grow. We have determined that the gap in
the summer break is too long for our interpolation method
to work and thus they are empty.

All the features seen in Fig. 5 can also be seen pictori-
ally in Fig. 7. Note that the width of neighboring peaks in
the X-ray and optical do not appear to be correlated. In the
X-ray portion of Fig. 7 we also see the slow outward motion
of the outer boundary where the color changes from green to
blue. This boundary is close to 2000 from the pulsar for the
earliest observations, yet moves to near 2500 by the end of
the sequence. This outward motion of the boundary roughly
matches the apparent outward motion of the brighter wisps.
Finally, some X-ray peaks do not appear to have nearby
optical companion. As a conclusion we can state that the
positions of the optical wisps do not align with the posi-
tions of the X-ray wisps. That would seem to imply that the
individual evolution of optical and X-ray wisps are di↵erent.
Fig. 7 also makes it clear that new wisps form in the inner
region roughly once per year.

3.3 Analysis of the azimuthal profile of the wisps

Good statistics for the optical data allow us to measure the
azimuthal intensity profile for each observation. The wisps
have an ellipse-like shape in the azimuthal direction around
the pulsar, presumably because they are formed in a ring
more or less in the equatorial plane of the pulsar. In X-rays
one finds that the aspect ratio of the innermost ellipse (the

Figure 7. The two panels compare the radial evolution of the
optical (upper panel) and X-ray (lower panel) wisps. For clarity,
data were interpolated between observations but not across the
large gaps imposed by sun constraints. The unit for the color
scale are µJ/arcsec2 for the upper panel and counts for the lower
panel.

Figure 8. The azimuthal distributions of two optical wisps ob-
served on the 13th of April 2011 at distances of 8.000 and 10.100

from the pulsar. The angle is the azimuthal angle of the depro-
jected ellipse. Zero degrees was set by the peak of the distribution.
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Not from pulsar :

- flares are not pulsed or 
in phase

- no variations in the 
timing residual
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Fermi LAT Daily Crab Light Curve
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Not from the pulsar!
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April 2011 Flare Spectrum

• Flare spectrum: Power law (index 1.6), exponential cut-off at 580 MeV
• Pulsar-like, but no sign of pulsations in flare photons.
• 5 times brighter than previous flare

           (from Rolf Bueler and the Fermi LAT team)
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• Flare spectrum: Power law (index 1.6), exponential cut-off at 580 MeV
• Pulsar-like, but no sign of pulsations in flare photons.
• 5 times brighter than previous flare

           (from Rolf Bueler and the Fermi LAT team)

Unlikely MHD origin like 
the slow variability of the 

wisps:

- MHD effects are 
achromatic

- size of the accelerator is 
very small (day-light)

- unlikely high magnetic 
field

Electrostatic acceleration?
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Summary and conclusions

MHD model is successful in reproducing the persistent features

3D model promising to solve the sigma problem

Unsolved issue in particles acceleration and the origin of radio electrons

MHD variability due to unstable Termination Shock can act as a source of 
turbulence from larger scales into the nebula (as opposed to self 

generated turbulence at the shock)

Very short dynamics (flares) and turbulence long overlooked



N. Bucciantini: The Fast and the Furious
Madrid, Spain, 2013 25

Summary and conclusions
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MHD model is successful in reproducing the persistent features

3D model promising to solve the sigma problem

Unsolved issue in particles acceleration and the origin of radio electrons

MHD variability due to unstable Termination Shock can act as a source of 
turbulence from larger scales into the nebula (as opposed to self 

generated turbulence at the shock)

Very short dynamics (flares) and turbulence long overlooked


