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• Most of the galaxies host SMBH in their cores.
The most likely and energetic event is the 
plunge / inspiral of normal stars.

• The two body problem remains one of the
most interesting theoretical ones in GR.

• The comparable masses case in its most interesting 
stage (in the plunge radiates as much as in the whole
binary history) requires solving the full nonlinear GR
equations. This is a very difficult problem to solve!

• The small mass ratio regime seems more accessible
to be solved using perturbative methods.

Why Why BBHsBBHs is an interesting problem?is an interesting problem?

So far so good…
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The ProblemThe Problem
• Compute the metric perturbations for a particle orbiting a black hole from 
the field equations with a source term

Gµν[hαβ] = Tµν = m ∫ uµ uν δ[xα -xα
p(τ)]/◊-g dτ

• Compute the corrected trajectory of the particle from the geodesic equation
(d2xµ/dτ2) + Γµ

αβ (dxα/dτ) (dxβ/dτ) = 0

• The problem is that the metric near the particle has the form
hµν ~ m / | xα -xα

p(t)|

• We need to regularize the problem to extract any meaningful result.
This proved to be one of the most challenging problems for 25 years,

Until…
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The Solution IThe Solution I
Mino, Sasaki & Tanaka (1996)

• Matched asymptotic expansion: 
Consistency of the matching  in
a buffer zone leads to equation
of motion

Small BH +    

tidal pert.

Perturbed background 
of larger BH

•Alternative derivation via Brehme-DeWitt approach:
Derive “conserved” rank-two symmetric tensor
integrate its divergence over the interior of the 
world tube surrounding the particle to derive the 
equations of motion

Buffer zone
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The Solution IIThe Solution II

Quinn & Wald (1996)

• Axiomatic approach

1. Comparison axiom: Identify u µ and a µ for P in ( M,gµν ) and P P ( M,gM,gµνµνµνµνµνµνµνµν ) 
via Riemann normal coordinates 

f µ - f f µ = limrØ0 { [(  “ µ hαβ - “ β hµ
α )- [(  —— µhhαβ - —— β hhµ

α )] }

2. Flat spacetime axiom: 
If ( M,gµν ) is Minkowski spacetime the perturbed metric hαβ , 
is half advanced and half retarded solution

hαβ =     [h+
αβ + h–

αβ] then   m uν∇(0)
ν (uµ)= f µ = 0 .
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The SolutionThe Solution
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The Problems of the solutionThe Problems of the solution

• How to implement this regularization?
• How to compute the full and singular metric perturbations?
• All in the Harmonic Gauge
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•“Regularization parameters” Aµ, Bµ, Cµ, Dµ derived analytically by local analysis

(Kerr background)

Mode Sum Regularization scheme Mode Sum Regularization scheme (Barack & Ori, Burko, Lousto, Mino …)
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The applicationsThe applications:: HeadonHeadon

• For Schwarzshild background we
can decompose into (l,m) multipoles

• The metric perturbations are finite
for each (l,m) and can be computed
in the RW gauge

• The sum diverges:
Use mode regularization scheme

• Analytic form of (l=0,1) multipoles
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! Local analysis can be pushed to higher order in 1/l, giving analytic 
approximation for the self force. For example:
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The applicationsThe applications: Circular orbits: Circular orbits

• Multipole decomposition
• Compute metric perturbations in the RW gauge
• Transform the ‘force’ into the Harmonic gauge
• Compute the ISCO

It didn’t work for us: This is the ‘so called’ gauge problem…

Radiation
reaction
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New ResultsNew Results::
The solution to the problems of the solutionThe solution to the problems of the solution
Solve the field equations of GR directly in the Harmonic gauge! Solve the field equations of GR directly in the Harmonic gauge! (Barack)
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New ResultsNew Results::
The solution to the problems of the solutionThe solution to the problems of the solution

Benefits:
•Work directly with the variables to compute the force (only first derivatives needed)
•Field equations have less singular source terms (only Dirac’s deltas)
•Regularization parameters already computed (no gauge problem)

Energy flux (Circular orbit at r0=7.9456M)
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New ProblemsNew Problems: Second order perturbations: Second order perturbations

Rosenthal & Ori

• Consistency requires to compute second order perturbations
• Harmonic first order gauge is AF: Convenient to use in the

second order Teukolsky Equation to compute waveforms
• The problem still needs regularization 

D[h(1)]=S(1)[δ(x-xp)] ;        h(1)
Harmonic ~ ε-1 + O(ε0) ; 

D[h(2)]=S(2)[∇ h(1) .∇ h(1), h(1) .∇2h(1)] ~ a ε-4 + b ε-3 + O(ε-2) 
Non integrable terms

Distance from the world line
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Solution for the scalar field:
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New ResultsNew Results: 18PN! : 18PN! (Hikida et al.)


